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SIMPLICITY AND THE STABLE RANK
OF SOME FREE PRODUCT C∗–ALGEBRAS

KENNETH J. DYKEMA

Abstract. A necessary and sufficient condition for the simplicity of the C∗–
algebra reduced free product of finite dimensional abelian algebras is found,
and it is proved that the stable rank of every such free product is 1. Related
results about other reduced free products of C∗–algebras are proved.

Introduction

The reduced free product of C∗–algebras with respect to given states was in-
troduced independently by Voiculescu [19] and Avitzour [2]. It is the appropriate
construction associated to Voiculescu’s free probability theory (see [19], [21]). The
motivating example concerns reduced group C∗–algebras. For a discrete group G,
its reduced group C∗–algebra is generated by the left regular representation of G on
l2(G) and is denoted C∗

r (G). Its canonical tracial state (which is the vector state
associated to the characteristic function of the identity element of G) is written τG.
Then for discrete groups G1 and G2, the reduced free product construction yields

(C∗
r (G1), τG1) ∗ (C∗

r (G2), τG2) = (C∗
r (G), τG),

where G = G1 ∗G2 is the free product of groups.
Voiculescu’s definition of freeness is an abstraction of some essential facets of the

relationship between the copies of C∗
r (G1) and C∗

r (G2) embedded in C∗
r (G), with

respect to the trace τG. The reduced free product of C∗–algebras can be described
with respect to freeness as follows. Let A1 and A2 be unital C∗–algebras with states
φ1 and φ2, respectively whose associated GNS representations are faithful. Then
the reduced free product of (A1, φ1) and (A2, φ2) is the (unique) unital C∗–algebra
A and state φ with unital embeddings Aι ↪→ A such that

(1) the GNS representation associated to φ is faithful on A;
(2) φ|Aι = φι;
(3) A1 and A2 are free with respect to φ;
(4) A is generated by A1 ∪A2.

We denote this by

(A, φ) = (A1, φ1) ∗ (A2, φ2).(1)

It is further known [19] (or see [21, 2.5.3]) that φ is a trace if φ1 and φ2 are traces.
Moreover, by [7], φ is also faithful on A if φ1 and φ2 are faithful.

The reduced free product thus provides a multitude of constructions of C∗–
algebras, about which some results are known (see [19], [2], [11], [10], [9]). For
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example, many can be distinguished one from the other using K–theory, (see [11]
and [12]). However, questions abound.

Perhaps the most basic question concerns simplicity of reduced free product C∗–
algebras. In [15], R.T. Powers showed that the reduced group C∗–algebra of the free
group on two generators, C∗

r (F2), is simple and has unique tracial state. Paschke
and Salinas [14] then proved the same for C∗

r (G) whenever G = G1 ∗G2 is the free
product of groups, where G1 has at least two elements and G2 has at least three.
Avitzour [2] generalized further and showed that, for the reduced free product (1),
A is simple if there are unitaries u, v ∈ A1 and w ∈ A2 such that

φ1(u) = φ1(v) = 0 = φ1(u∗v), φ1(u∗ · u) = φ1,

φ2(w) = 0, φ2(w∗ · w)= φ2.(2)

(Actually, Avitzour required also φ1 and φ2 to be faithful, but this hypothesis is
easily dispensed with.)

Avitzour’s conditions imply simplicity of many reduced free product C∗–algebras,
but there are plenty of cases where Avitzour’s conditions are not satisfied (see §4
of [9]), yet intuition (or the analogous result for von Neumann algebras, see [5])
suggests the algebra is simple. In this paper we give necessary and sufficient con-
ditions for simplicity of the reduced free product of arbitrary finite dimensional
abelian C∗–algebras. Stated briefly, if

(A, τ) = (A, τA) ∗ (B, τB),(3)

where A and B are finite dimensional abelian C∗–algebras satisfying dim(A) ≥ 3
and dim(B) ≥ 2 and with faithful tracial states τA and τB, then A is simple if and
only if whenever p is a minimal projection of A and q is a minimal projection of B,
we have

τA(p) + τB(q) < 1.(4)

The necessity of this condition can be seen from [1]. Note that the condition from [5]
for the analogous free product of von Neumann algebras to be a factor is (4) but
with the strict inequality replaced by ≤. In addition, when the free product algebra
A from (3) is not simple, our analysis allows one to easily find all ideals of A.

We also show that for every reduced free product C∗–algebra A as in (3), the
stable rank of A is 1, regardless of the simplicity of A. The topological stable
rank was invented by M.A. Rieffel [17] in order to study “non–stable” K–theory
and as a sort of dimension for C∗–algebras. Topological stable rank of C∗–algebras
was in [13] shown to be equal to the Bass stable rank. The first result about
the stable rank of reduced free product C∗–algebras is in [9], where it is proved
that the free product with respect to traces of C∗–algebras A1 and A2 has stable
rank 1 if the Avitzour conditions (2) are satisfied. Hence the present paper’s results
regarding stable rank are, for a restricted class of C∗–algebra reduced free products,
a considerable generalization, and they lend support to the plausible conjecture that
every reduced free product of C∗–algebras with respect to faithful, tracial states
has stable rank 1.

In §1 we state the main results proved in the paper. In §2 concepts and results
essential for the sequel are covered, including some dealing with stable rank, full
hereditary subalgebras and free products. In §3 we prove simplicity and stable
rank 1 for free products of two C∗–algebras, when one is diffuse in a specific sense.
In §4 the results about the free product of finite dimensional abelian algebras are
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proved, as well as some related results about free products of more general alge-
bras. In §5, results about free products of abelian C∗–algebras with states that are
inductive limits of the algebras considered in §4 are proved. In §6 we consider free
products of infinitely many finite dimensional abelian C∗–algebras. Finally, in §7
we make two conjectures about simplicity of other free product C∗–algebras.

1. Statement of the main results

In this section, we state the main results in more detail. Let

(A, τA) =
p1

C
α1
⊕

p2

C
α2
⊕ · · · ⊕

pn

C
αn

,

(B, τB) =
q1

C
β1
⊕

q2

C
β2
⊕ · · · ⊕

qm

C
βm

.
(5)

This notation means that n ∈ N, that

A = C⊕ · · · ⊕C︸ ︷︷ ︸
n times

,

that pk is the projection

pk = 0⊕ · · · ⊕ 0︸ ︷︷ ︸
k−1

⊕1⊕ 0⊕ · · · ⊕ 0︸ ︷︷ ︸
n−k

,

and that τA is the state on A given by τA(pk) = αk. We thus need αk ≥ 0 and∑n
1 αk = 1, and because we want the GNS representation of τA to be faithful we

will always take αk > 0. The same considerations apply to (B, τB) in (5).

Theorem 1. Let (A, τA) and (B, τB) be finite dimensional, abelian C∗–algebras
with faithful states as in (5), with dim(A) ≥ 3 and dim(B) ≥ 2. Let

(A, τ) = (A, τA) ∗ (B, τB)

be the reduced free product of C∗–algebras. Let

L+ = {(i, j) | αi + βj > 1},
L0 = {(i, j) | αi + βj = 1}.

Then the stable rank of A is 1 and

A =
r0

A0 ⊕
⊕

(i,j)∈L+

pi∧qj

C
αi+βj−1

,(6)

where pi ∧ qj = limn→∞(piqj)n. If L0 is empty then A0 is a simple C∗–algebra.
Otherwise, for every (i, j) ∈ L0, although s.o.– limn→∞(piqj)n = 0, there is a unital
∗–homomorphism π(i,j) : A0 → C such that π(i,j)(r0pi) = 1 = π(i,j)(r0qj) and

A00
def
=

⋂
(i,j)∈L0

kerπ(i,j)

is simple, nonunital and with unique tracial state φ(r0)−1φ|A00 .

The notation in (6) means that A = A0 if L+ is empty, and otherwise

A = A0 ⊕C⊕ · · · ⊕C︸ ︷︷ ︸
|L+| times

.

In addition, for each (i, j) ∈ L+ the corresponding central summand is C(pi ∧ qj),
and τ(pi ∧ qj) = αi + βj − 1. The assertion that s.o.– limn→∞(piqj)n = 0 when
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αi +βj = 1 refers to the strong–operator limit in the GNS representation of A with
respect to τ . Finally, r0 = 1−∑(i,j)∈L+

pi ∧ qj is the projection which is the unit
of A0 ⊕ 0⊕ · · · ⊕ 0.

Analogous results hold for free products of more than two finite dimensional
abelian C∗–algebras and for free products of direct sums of other abelian C∗–
algebras (see Theorems 4.8, 4.9, 5.3 and 6.1).

The following result is used in the proof of Theorem 1 and is also of independent
interest.

Theorem 2. Let A and B be unital C∗–algebras with states φA, respectively φB ,
whose GNS representations are faithful. Let

(A, φ) = (A, φA) ∗ (B, φB).

Suppose B 6= C and the centralizer of φA has an abelian subalgebra D ∼= C(X)
containing the unit of A and such that the restriction of φA to D is given by an
atomless measure on X. Then A is simple. If φA and φB are traces, then A has
stable rank 1 and φ is the unique tracial state on A. If one of φA and φB is not a
trace, then A has no tracial states.

2. Preliminaries

Definition 2.1. Let A be a unital C∗–algebra and φ a state on A. Let B ∼= C(X)
be an abelian C∗–subalgebra of A containing the unit of A. We say that φ is diffuse
on B if φ|B is given by a measure on X having no atoms. It will usually be clear
from the context which state we mean, and then we will speak simply of B being
a diffuse abelian subalgebra of A.

Given a C∗–algebra with state (A, φ), a Haar unitary (with respect to φ) is a
unitary element u ∈ A such that φ(un) = 0 for every nonzero integer n.

Proposition 2.2 [9, 4.1(i)]. Let B be a unital, abelian C∗–algebra with state φ.
Then φ is diffuse on B if and only if B contains a Haar unitary (with respect to
φ).

Recall that the centralizer of the state φ is {a ∈ A | ∀x ∈ A φ(ax) = φ(xa)}. We
will often be interested in the situation when the centralizer of φ contains a Haar
unitary.

An ideal of a C∗–algebra always means a closed, two–sided ideal.
For unital C∗–algebras A1, A2, . . . , An, it is an obvious fact that A1⊕A2⊕· · ·⊕An

has stable rank 1 if and only if for each j, Aj has stable rank 1. In addition, we
will make use of the following results, due to Rieffel.

Proposition 2.3 [17, 3.3]. Let n ∈ N and let A be a C∗–algebra. Then A has
stable rank 1 if and only if A⊗Mn(C) has stable rank 1.

The following result follows from [17, 4.4 and 4.11] together with the fact that in
a finite dimensional C∗–algebra B, the left invertible elements are invertible, hence
the connected stable rank of B is one.

Proposition 2.4. Let A be a C∗–algebra with an ideal J such that A/J is finite
dimensional. Then A has stable rank 1 if and only if J has stable rank 1.

Recall that a hereditary C∗–subalgebra B of a C∗–algebra A is said to be full if
there is no closed, proper, two–sided ideal of A containing B.
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Proposition 2.5. Let A be a C∗–algebra with countable approximate identity. Take
h ∈ A, h ≥ 0, and let B be the hereditary subalgebra hAh of A. Suppose that B is
full in A. Then

(i) A has stable rank 1 if and only if B has stable rank 1.
(ii) If B has unique tracial state then A has at most one tracial state.

Proof. For (i), note that B has a countable approximate identity for itself because
h is strictly positive in B (see [3, p. 327]). Thus, by [3], A and B are stably
isomorphic, i.e. A ⊗K ∼= B ⊗K, where K is the algebra of compact operators on
separable Hilbert space. But [17, 3.6] states that

sr(A) = 1 ⇔ sr(A⊗K) = 1

and similarly for B, hence

sr(A) = 1 ⇔ sr(B) = 1.

To see (ii), note that span{xhahy | a, x, y ∈ A} is dense in A. If τ is a tracial state
on A then τ(xhahy) = τ(h1/2ahyxh1/2) and h1/2ahyxh1/2 ∈ B, so τ is determined
by τ |B .

We will say that a positive element h ∈ A is full if the hereditary subalgebra
hAh is full in A. The following fact is easy to show.

Proposition 2.6. Let A be a C∗–algebra and let B be a full hereditary C∗–subalge-
bra of A. Then A is simple if and only if B is simple.

In fact (see [16]), it is well–known that the representation theories of a C∗–algebra
A and its full hereditary C∗–subalgebra B are equivalent.

The reduced free product of two two–dimensional C∗–algebras is the most trans-
parent nontrivial free product one can consider. It is understood completely and
described in the proposition below. This description is the starting point for our
investigation into reduced free products of more general finite dimensional abelian
algebras.

Proposition 2.7. Let 1 > α ≥ β ≥ 1
2 and let

(A, τ) = (
p

C
α
⊕

1−p

C
1−α

) ∗ (
q

C
β
⊕

1−q

C
1−β

).

If α > β then

A =
p∧(1−q)

C
α−β

⊕ C([a, b], M2(C)) ⊕
p∧q

C
α+β−1

,

for some 0 < a < b < 1. Furthermore, in the above picture

p = 1⊕ ( 1 0
0 0 )⊕ 1,

q = 0⊕
(

t
√

t(1−t)√
t(1−t) 1−t

)
⊕ 1,

and the faithful trace τ is given by the indicated weights on the projections p∧(1−q)
and p ∧ q, together with an atomless measure whose support is [a, b].

If α = β > 1
2 then

A = {f : [0, b]→M2(C) | f continuous and f(0) diagonal } ⊕
p∧q

C
α+β−1

,
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for some 0 < b < 1. Furthermore, in the above picture

p = ( 1 0
0 0 )⊕ 1,

q =
(

t
√

t(1−t)√
t(1−t) 1−t

)
⊕ 1,

and the faithful trace τ is given by the indicated weight on the projection p ∧ q,
together with an atomless measure on [0, b].

If α = β = 1
2 then

A = {f : [0, 1]→M2(C) | f continuous and f(0) and f(1) diagonal }.
Furthermore, in the above picture

p = ( 1 0
0 0 ) ,

q =
(

t
√

t(1−t)√
t(1−t) 1−t

)
,

and the faithful trace τ is given by an atomless measure whose support is [0, 1].

Proof. Once the traces of p and q are known, the C∗–algebra A and the trace τ are
determined by τ composed with the functional calculus of pqp. This, in turn, is
computed using Voiculescu’s multiplicative free convolution [20]. To see this proof
in more detail, see [8] or the proof of the analogous result for von Neumann algebras
in [5, 1.1].

The following proposition is a variation on Theorem 1.2 of [5] and is proved
similarly.

Proposition 2.8. Let A = A1 ⊕ A2 be a direct sum of unital C∗–algebras, write
p = 1⊕ 0 ∈ A and let φA be a state on A, such that 0 < α

def
= φA(p) < 1. Let B be

a unital C∗–algebra with state φB and let (A, φ) = (A, φA) ∗ (B, φB). Let A1 be the
C∗–subalgebra of A generated by (0⊕A2)+Cp ⊆ A together with B. We abbreviate
this by writing

(A, φ) = (
p

A1
α
⊕

1−p

A2
1−α

) ∗ (B, φB)

∪

(A1, φ|A1 ) = (
p

C
α
⊕

1−p

A2
1−α

) ∗ (B, φB).

Then pAp is generated by pA1p and A1 ⊕ 0 ⊆ A, which are free in (pAp, 1
αφ|pAp).

The next elementary lemma will come in handy.

Lemma 2.9. Let B be a unital C∗–algebra and φ a state on B whose GNS repre-
sentation is faithful. If |φ(u)| = 1 for every unitary u ∈ B, then B = C.

Proof. Let the defining embedding B ↪→ L2(B, φ) be denoted b 7→ b̂. Let U(B)
denote the unitary group of B. Whenever u ∈ U(B) then ||û|| = 1, but also
|〈û, 1〉| = 1, so û = α1̂ for some α ∈ T. But L2(B, φ) = span{û | u ∈ U(B)}, so
L2(B, φ) is one–dimensional. This implies B = C.
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3. When in the presence of one spread thin

Let A and B be unital C∗–algebras with states φA and φB, respectively, whose
GNS representations are faithful, and let

(A, φ) = (A, φA) ∗ (B, φB).

In this section we will prove that if the centralizer of φA contains a unital, diffuse
abelian subalgebra then A is simple, and if, furthermore, φA and φB are traces
then A has stable rank 1. The diffuse abelian subalgebra is, if you like, “one spread
thin.” By [9, 4.1(i)] (see Proposition 2.2 above) this condition is equivalent to the
centralizer of φA containing a Haar unitary u.

Denote by A0 the norm dense ∗–subalgebra of A that is generated by A ∪ B.
Then, using the standard notation Ao = kerφA and Bo = kerφB , every element x
of A0 can be written x = x0 + x1, where x0 ∈ A and

x1 =
N∑

j=1

a(j)
o b

(j)
1 a

(j)
1 b

(j)
2 a

(j)
2 · · · b(j)

n(j)a
(j)
n(j)(7)

with N ∈ N, n(j) ∈ N, a
(j)
0 , a

(j)
n(j) ∈ A, a

(j)
1 , . . . , a

(j)
n(j)−1 ∈ Ao, b

(j)
1 , . . . , b

(j)
n(j) ∈ Bo.

Expressed another way,

x1 ∈ span

 ∞⋃
n=1

ABoAo · · ·BoAoBo︸ ︷︷ ︸
n times Bo

A

 .

We begin with a technical lemma. Let u be a Haar unitary in the centralizer of
φ|A and write

u−N def= {u−k | k ∈ N},
uN def= {uk | k ∈ N}.

Lemma 3.1. With notation as above, suppose that B 6= C and the centralizer of
φA contains a Haar unitary u. Given ε > 0 and x ∈ A such that φ(x) = 0, there
is a unitary, z ∈ A such that z∗xz differs in norm by no more than ε from a finite
linear combination of elements of

Θ
def
=

∞⋃
n=1

u−N BoAo · · ·BoAoBo︸ ︷︷ ︸
n times Bo

uN.(8)

Proof. Since A0 is dense in A, we may assume without loss of generality that x ∈ A0.
By Lemma 2.9 there is a unitary element v ∈ B such that 0 ≤ φB(v) < 1. Let
c0 = φB(v), c1 =

√
1− c2

0 and y = (v − c01)/c1, so that 1 and y are orthonormal
in L2(B, φB). Let n, k ∈ N and let z = (ukv)nuk. Write x = x0 + x1 with x0 ∈ A
and x1 as in (7).

We first concern ourselves with z∗x1z. Writing x1 as in (7), let η > 0. Since
(up)p∈Z is an orthonormal family in L2(A, φA), we have

∀a ∈ A lim
p→∞φA(aup) = 0 = lim

p→∞φA(au−p).(9)

Using (9), we see that if k is large enough, then for every positive integer p and
every j we have |φA(u−pka

(j)
0 )| < η and |φA(a(j)

n(j)u
pk)| < η. Since v = c01 + c1y,
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we have

a
(j)
n(j)z =

∑
δ1,... ,δn∈{0,1}

cδ1 · · · cδna
(j)
n(j)u

kyδ1 · · ·ukyδnuk,

where

y−δ =

{
y∗ if δ = 1,

1 if δ = 0,

yδ =

{
y if δ = 1,

1 if δ = 0.

If not all the δj are zero, then a
(j)
n(j)u

kyδ1 · · ·ukyδnuk differs in norm by at most
η||y||m (where m is the number of 1 ≤ j ≤ n for which δj = 1) from an element of

AoyAoy · · ·Aoy︸ ︷︷ ︸
m times Aoy

uN.

Since ||y|| < (1+c0)/c1, we obtain that a
(j)
n(j)z differs in norm by at most cn

0 ||a(j)
n(j)||+

(1 + 2c0)nη from an element of

span

 n⋃
m=1

AoyAoy · · ·Aoy︸ ︷︷ ︸
m times Aoy

uN

 .

Similarly, z∗a(j)
0 differs in norm by at most cn

0 ||a(j)
0 ||+ (1 + 2c0)nη from an element

of

span

 n⋃
m=1

u−N y∗Aoy∗Ao · · · y∗Ao︸ ︷︷ ︸
m times y∗Ao

 .

Therefore z∗x1z dffers in norm by no more than

N∑
j=1

(
cn
0 ||a(j)

0 ||+ (1 + 2c0)nη
) ||b(j)

1 a
(j)
1 b

(j)
2 a

(j)
2 · · · b(j)

n(j)||
(
cn
0 ||a(j)

n(j)||+ (1 + 2c0)nη
)

from a finite linear combination of elements from Θ. Thus, if n is chosen large
enough and then k is chosen large enough, then z∗x1z can be made arbitrarily
close to a finite linear combination of elements from Θ.

We now examine z∗x0z. Using again v = c01 + c1y, we have

z∗x0z =
∑

δ1,... ,δ2n∈{0,1}
cδ1 · · · cδ2nu−ky−δ1u−k · · · y−δnu−kx0u

kyδn+1 · · ·ukyδ2nuk.

(10)

We first concentrate on the 2n+1 − 1 terms when either δ1 = δ2 = · · · = δn = 0 or
δn+1 = δn+2 = · · · = δ2n = 0. The sum over these terms is equal to

cn
0 (u−(n+1)kx0z + z∗x0u

(n+1)k − cn
0u−(n+1)kx0u

(n+1)k),
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which has norm no greater than cn
0 ||x0||(2 + cn

0 ). This can be made arbitrarily
small by choosing n large enough (independently of k). Each of the remaining
22n − 2n+1 + 1 terms of (10) is of the form

cl
0c

l′
1 u−rpky∗ · · ·u−r2ky∗u−r1ky∗u−r0kx0u

s0kyus1kyus2k · · · yusqk,(11)

where l′, p, q, rj , sj are positive integers and l ≥ 0. Clearly

φ(u−r0kx0u
s0k) = φ(x0u

(s0−r0)k).(12)

If r0 = s0 then φ(u−r0kx0u
s0k) = φ(x0) = 0, and hence the term (11) is an element

of Θ. Using (9) we see that by choosing k large enough, each quantity (12) can be
made arbitrarily small and hence each of the terms (11) can be made arbitrarily
close to an element of Θ. Thus if n is chosen large enough and then k is chosen large
enough, then z∗x0z can be made arbitrarily close to a finite linear combination of
elements from Θ.

Considering the above analyses for z∗x1z and z∗x0z at the same time, we can
choose n large enough and then k large enough so that z∗xz is arbitrarily close to
a finite linear combination of elements from Θ.

Proposition 3.2. Let A and B be unital C∗–algebras with states φA and φB , re-
spectively, whose GNS representations are faithful. Let

(A, φ) = (A, φA) ∗ (B, φB).

Suppose the centralizer of φA has a unital, diffuse abelian subalgebra and B 6= C.
Then for every x ∈ A and ε > 0 there are n ∈ N and unitaries z1, . . . , zn ∈ A such
that

||φ(x)1 − 1
n

n∑
r=1

z∗rxzr|| < ε.(13)

Consequently, A is simple. Moreover, if both φA and φB are traces then φ is the
unique tracial state on A. If one or both of φA and φB is not a trace then A has
no tracial states.

Proof. To prove the existence of zr such that (13) holds, we may without loss of
generality assume that x = x∗ and φ(x) = 0, and we may replace x by a unitary
conjugate of itself. Let u be a Haar unitary in the centralizer of φA Employing
Lemma 3.1, we may assume that x ∈ span Θ, (see (8)). Now we will find z1, . . . , z5 ∈
uN such that

||1
5

5∑
r=1

z∗rxzr|| ≤ 49
50
||x||.(14)

These will be found using the technique of [15]. With notation similar to (7), we
have

x =
N∑

j=1

u−ljb
(j)
1 a

(j)
1 · · · b(j)

n(j)−1a
(j)
n(j)−1b

(j)
n(j)u

mj ,

for lj, mj ∈ N. Let K = max(
⋃N

j=1{lj, mj}) + 1. For 1 ≤ r ≤ 5, let zr =
urK . Let Mr be the closed subspace of L2(A, φ) spanned by all words of the form
u−kb1a1 · · · bnan with k ∈ N, (r − 1)K < k ≤ rK, n ∈ N ∪ {0}, b1, . . . , bn ∈ Bo,
a1, . . . , an−1 ∈ Ao and an ∈ A. Clearly p 6= q implies Mp ⊥ Mq. Since z∗rxzr is a
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finite sum of words whose left–most letter lies in {u−k | (r − 1)K < k ≤ rK} and
whose right–most letter lies in {uk | (r − 1)K < k ≤ rK}, we have

z∗rxzr(M⊥
r ) ⊆Mr.

Denote by Er the projection from L2(A, φ) onto Mr. Given a unit vector ξ ∈
L2(A, φ), there is some 1 ≤ p ≤ 5 for which ||Epξ||2 ≤ 1

5 . Thus

|〈1
5

5∑
r=1

z∗rxzrξ, ξ〉| ≤ 4
5
||x||+ 1

5
|〈z∗pxzpξ, ξ〉|,

and since (1 − Ep)z∗pxzp(1− Ep) = 0 we have

|〈z∗pxzpξ, ξ〉| = |〈z∗pxzpEpξ, ξ〉|+ |〈z∗pxzp(1− Ep)ξ, Epξ〉| ≤ 2||x|| ||Epξ|| ≤ 2√
5
||x||.

Hence

|〈1
5

5∑
r=1

z∗rxzrξ, ξ〉| ≤
(

4
5

+
2√
5

)
||x|| < 49

50
||x||.

This implies (14).
To finish the proof of (13), note that the element 1

5

∑5
r=1 z∗rxzr obtained above

is again in span Θ. Hence, by repeating this process as many times as necessary,
for any ε > 0 there are n ∈ N and z1, . . . , zn ∈ uN such that || 1n

∑n
r=1 z∗rxzr|| < ε.

Now the remaining facts follow by standard arguments of [15] and [2]. Indeed,
suppose I is a nonzero, two–sided, closed ideal of A. Let a ∈ I\{0}. Since the
GNS representation of A associated to φ is faithful, there must be b ∈ A such that
φ(b∗a∗ab) 6= 0. Then from (13), it follows that φ(b∗a∗ab)1 ∈ I; hence I = A and
consequently A is simple.

The property described at (13) implies that any tracial state on A must be equal
to φ. If both φA and φB are traces, then the free product state φ is also a trace,
and is thus the unique tracial state. If one of φA and φB is not a trace, then neither
is φ a trace; hence A has no tracial states.

Lemma 3.3. Let (A, φ) be as in Proposition 3.2. Let x ∈ A and let ε > 0. Then
there are unitaries z1, z2 ∈ A such that ||z1xz2−x′|| < ε for some x′ ∈ spanΘ, with
Θ as in (8).

Proof. Let u ∈ A be a Haar unitary in the cetralizer of φA and let v ∈ B a unitary
such that 0 ≤ φB(v) < 1. By Lemma 3.1 there is a unitary z ∈ A such that

||z∗xz − (φ(x)1 + x′′)|| < ε/2,(15)

where x′′ ∈ spanΘ. Writing v = c01 + c1y as in the proof of Lemma 3.1, we see
that (u∗v)pup differs in norm by no more that cp

0 from an element of spanΘ. We
similarly see that (u∗v)px′′ ∈ spanΘ. Let p be so large that cp

0 < ε/(2 + 2|φ(x)|).
Let z1 = (u∗v)pz∗ and z2 = zup. Then from (15) we have

||z1xz2 −
(
φ(x)(u∗v)pup + (u∗v)px′′up

)|| < ε/2,

and from the above discussion there is x′ ∈ span Θ such that

||φ(x)(u∗v)pup + (u∗v)px′′up − x′|| < ε/2.

Hence ||z1xz2 − x′|| < ε.

The proof of the following proposition uses ideas from [9].
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Proposition 3.4. Let A and B be unital C∗–algebras with faithful, tracial states
τA and τB, respectively. Let

(A, τ) = (A, τA) ∗ (B, τB).

Suppose A has a unital, diffuse abelian subalgebra and B 6= C. Then A has stable
rank 1, i.e. the set of invertible elements of A is dense in A.

Proof. Suppose for contradiction that the set of invertibles in A, denoted GL(A), is
not dense. Then, by [18, 2.6], there is x ∈ A such that ||x|| = 1 and dist(x, GL(A)) =
1. We must have ||x||2 < 1, since ||x||2 = 1 would imply that x is unitary. Let
ε = 1 − ||x||2. Let u be a Haar unitary in A and let v ∈ B be a unitary such that
0 ≤ τB(v) < 1. By Lemma 3.3 there are n ∈ N and unitaries z1, z2 ∈ A such that
||z1xz2 − x′|| < ε/8 for some x′ ∈ spanΨn, where

Ψn = {ulb1a1 · · · bk−1ak−1bkum | k, l, m ∈ N, l, m < n, bj ∈ Bo, aj ∈ Ao}.
Let p be so large that cp

0 < ε/(8(||x||+ ε)). By writing v = c01+ c1y as in the proof
of Lemma 3.1, we see that

||(unv)punx′ − x′′|| < ε/8

for some x′′ ∈ spanΨn,p, where

Ψn,p = {unlb1a1 · · · bk−1ak−1bkum | k, l, m ∈ N, l < p, m < n, bj ∈ Bo, aj ∈ Ao}.
For q ∈ N let Eq : A→ A be

Eq(a) =
q+np∑

j=q+1

uj〈â, (uj )̂ 〉,

where we denote the defining embedding A ↪→ L2(A, τA) by a 7→ â.
Since limj→∞〈â, (uj )̂ 〉 = 0, we have limq→∞ ||Eq(a)|| = 0 for every a ∈ A.

Therefore, there is q, a positive multiple of n, such that ||x(3)−x′′|| < ε/8 for some
x(3) in spanΨ′

n,p,q, where

Ψ′
n,p,q = {unlb1a1 · · · bk−1ak−1bkum | k, l, m ∈ N, l < p, m < n,

bj ∈ Bo, aj ∈ Ao, Eq(aj) = 0}.
Let XA be a standard orthonormal basis (see [9, §2]) for (A, τA) containing {u, u2,
u3, . . . , uq+np} and let XB be a standard orthonormal basis for (B, τB). Let Y =
XA ∗XB be the resulting free product standard orthonormal basis for (A, τ). (Note
that, by definition, Y \{1} is the set of all reduced words in XA\{1} and XB\{1}.)
Then there is x(4) ∈ spanY ′

n,p,q such that ||uqx(3)− x(4)|| < ε/8, where Y ′
n,p,q is the

subset of Y defined by

Y ′
n,p,q =

{
uq+nlb1a1 · · · bk−1ak−1bkum

∣∣∣∣ l, m, k ∈ N, l < p, m < n, bj ∈ XB\{1},

aj ∈ XA\{1, uq+1, uq+2, . . . , uq+np}
}

.

Now we see that, since no cancellation occurs when we multiply elements of Y ′
n,p,q

(but only “u on u contact”), whenever w1, . . . , wm ∈ Y ′
n,p we have

||w1w2 · · ·wm||2 = ||w1||2||w2||2 · · · ||wm||2.
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Moreover, if w1w2 · · ·wm = w′
1w

′
2 · · ·w′

m for any m ∈ N and wj , w
′
j ∈ Y ′

n,p,q, then
w′

1 = w1, w′
2 = w2, . . . , w′

m = wm. The reason for this is that when we take
the reduced word of w1w2 . . . wm, a letter uk for q ≤ k ≤ q + np appears at every
boundary where wj touches wj+1 (1 ≤ j ≤ m− 1), and nowhere else, and writing
uk = uruq+ln for l, r ∈ N and r ≤ n, we see that ur must have been the last letter
in wj and uq+ln must have been the first letter in wj+1, so we can recover the list of
letters, w1, w2, . . . , wm from their product. Thus we see that ||(x(4))m||2 = ||x(4)||m2
for every m ∈ N, and (see [9, 3.2]) K((x(4))m) = K(x(4)). Now we argue as in the
proof of [9, 3.8] to show that the spectral radius of x(4), denoted r(x(4)), is no
greater than ||x(4)||2. Indeed, let q be the largest block length of the words in the
support of x(4), so that, in the notation of [9, 2.2],

x(4) ∈ span
q⋃

j=1

Yj .

Then, by [9, 3.5],

∀m ∈ N ||(x(4))m|| ≤ (2mk + 1)3/2K(x(4))||x(4)||m2 ,

where K(x(4)) is a constant. Hence

r(x(4)) = lim inf
m→∞ ||(x

(4))m||1/m ≤ ||x(4)||2.
Therefore dist(x(4), GL(A)) ≤ ||x(4)||2. But ||x(4) − uk(unv)punz1xz2|| < ε/2, so

dist(x, GL(A)) = dist(uk(unv)punz1xz2, GL(A))

≤ ||x(4) − uk(unv)punz1xz2||+ ||x(4)||2
< ε/2 + ||x(4) − uk(unv)punz1xz2||2 + ||uk(unv)punz1xz2||2
< ε + ||x||2 = 1,

contradicting the choice of x.

Note that Propositions 3.2 and 3.4 combine to prove Theorem 2.

Proposition 3.5. Let 0 < α < 1, let A be a unital C∗–algebra with state φA whose
GNS representation is faithful, and let

(A, φ) = (
p

C
α
⊕

1−p

C
1−α

) ∗ (A, φA).

Suppose the centralizer of φA has a unital, diffuse abelian subalgebra. Then the
centralizer of φ|pAp has a unital, diffuse abelian subalgebra.

Proof. Let u be a Haar unitary in the centralizer of φA, let q = u∗pu, and let B be
the C∗–algebra generated by {1, p, q}. Then p and q are free, so

(B, φ|B) = (
p

C
α
⊕

1−p

C
1−α

) ∗ (
q

C
α
⊕

1−q

C
1−α

).

Case I(3.5). α < 1/2. Then by Proposition 2.7 we have for some 0 < b < 1 that

B ∼= {f : [0, b]→M2(C) | f continuous and f(0) diagonal } ⊕
(1−p)∧(1−q)

C
1−2α

,

pBp ∼= C([0, b]) and φ|pBp is given by an atomless measure on [0, b]. Thus pBp is a
diffuse abelian subalgebra of the centralizer of φ|pAp.
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Case II(3.5). α = 1/2. This is just as in Case I, except now

B ∼= {f : [0, 1]→M2(C) | f continuous and f(0) and f(1) diagonal }.
Case IIIn(3.5). (n ∈ N). 1 − 2−(n−1) < α ≤ 1 − 2−n. We argue by induction on
n. The case III1 reduces to Cases I and II. Let n > 1. Then α > 1/2, and by
Proposition 2.7 there is some 0 < b < 1 such that

B ∼= {f : [0, b]→M2(C) | f continuous and f(0) diagonal } ⊕
p∧q

C
2α−1

,

(p− p ∧ q)B(p− p ∧ q) ∼= C([0, b]),

and the restriction of φ to (p−p∧q)B(p−p∧q) is given by an atomless measure on
[0, b]. Hence it will suffice to find a diffuse abelian subalgebra of the centralizer of
φ|(p∧q)A(p∧q), because adding it to (p− p∧ q)B(p− p∧ q) will give a diffuse abelian
subalgebra of the centralizer of φ|pAp.

We claim that the family {p, q, u2} is ∗-free in (A, φ). Indeed, it suffices to show
that every reduced word in p−φ(p)1, q−φ(q)1 and nonzero powers of u2 evaluates
to zero under φ. However, rewriting each q − φ(q)1 as u∗(p− φ(p)1)u, we see that
each such word is equal to a word in p− φ(p)1 and nonzero powers of u. From the
freeness of p and u, it follows that this word evaluates to zero under φ. Hence p∧ q
and u2 are ∗-free.

Letting D be the C∗–algebra generated by {p ∧ q, u2}, we have

(D, φ|D) ∼= (
p∧q

C
2α−1

⊕C) ∗ (C∗(Z), τZ).

Since 2α − 1 ≤ 1 − 2−(n−1), by the inductive hypothesis there is a diffuse abelian
subalgebra of (p ∧ q)D(p ∧ q). As remarked above, this finishes the proof.

Corollary 3.6. Let A be a C∗–algebra with state φA whose GNS representation is
faithful, and let n ∈ N, n ≥ 2 and

(A, φ) = (
p1

C
α1
⊕

p2

C
α2
⊕ · · · ⊕

pn

C
αn

) ∗ (A, φA).

Suppose the centralizer of φA has a unital, diffuse abelian subalgebra. Then the
centralizer of φ has a unital, diffuse abelian subalgebra containing {p1, p2, . . . , pn}.
Proof. For each j, using Proposition 3.5 and considering the subalgebra of A gen-
erated by A ∪ {pj}, we see that the centralizer of φ|pjApj has a diffuse abelian
subalgebra Dj . Then D1 +D2 + · · ·+Dn is the required diffuse abelian subalgebra
of the centralizer of φ.

4. Finite dimensional abelian algebras

In this section, we examine the reduced free product of (finitely many) finite
dimensional abelian C∗–algebras. The methods used are reminiscent of [5].

Some words about notation are in order. The natural notation

(A, τA) =
p1

C
α1
⊕

p2

C
α2
⊕ · · · ⊕

pn

C
αn
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for a finite dimensional abelian C∗–algebra and a faithful state was explained just
before Theorem 1. Similarly, the notation

A =
r0

A0

⊕
k

rk

C
γk

was explained after that theorem. Analogously, we will often write expressions like

(A, φ) = (A0 ⊕
p1

C
α1
⊕ · · · ⊕

pn

C
αn

) ∗ (B, φB).(16)

This will mean that (A, φ) = (A, φA) ∗ (B, φB), where

A = A0 ⊕C⊕ · · · ⊕C︸ ︷︷ ︸
n times

,

where A0 is some C∗–algebra, where

pk = 0⊕ · · · ⊕ 0︸ ︷︷ ︸
k times

⊕1⊕ 0⊕ · · · ⊕ 0︸ ︷︷ ︸
n−k times

and where the state φA satisfies φA(pk) = αk. In the case of (16) we will always
assume that every αk > 0, that

∑n
1 αk < 1, and that the GNS representation of the

restriction of φA to A0⊕ 0⊕ · · · ⊕ 0 is faithful. Usually, we will also desire that the
centralizer of the restriction of φA to A0 ⊕ 0 ⊕ · · · ⊕ 0 have an abelian subalgebra
on which it is diffuse (see Definition 2.1) and whose unit is 1 ⊕ 0 ⊕ · · · ⊕ 0. This
is conveniently expressed by writing “the centralizer of φ|A0 has a unital, diffuse
abelian subalgebra.”

Lemma 4.1. Let

(A, φ) = (A0 ⊕
p

C
α

) ∗ (
q1

C
β1
⊕

q2

C
β2

),

where the centralizer of φ|A0 has a unital, diffuse abelian subalgebra. Take β1 ≥ β2.
Then

A =



r0

A0 if α + β1 ≤ 1,
r0

A0 ⊕
p∧q1

C
α+β1−1

if α + β1 > 1, α + β2 ≤ 1,

r0

A0 ⊕
p∧q1

C
α+β1−1

⊕
p∧q2

C
α+β2−1

if α + β2 > 1,

(17)

where the centralizer of φ|A0 has a unital, diffuse abelian subalgebra which contains
r0p and a unital, diffuse abelian subalgebra which contains r0q1, and where r0p is
full in A0.

If φ|A0 is a trace, then the stable rank of A is 1.
If α + β1 6= 1 and α + β2 6= 1, then A0 is simple. If, in addition, φ|A0 is a trace,

then φ(r0)−1φ|A0 is the unique tracial state on A0 and if φ|A0 is not a trace, then
A0 has no tracial states.

Whenever α + βi = 1 for i ∈ {1, 2}, there is a ∗–homomorphism πi : A0 → C
such that πi(r0p) = 1 = πi(qi).

If α + β1 = 1 and α + β2 < 1, then q1 is full in A0 and kerπ1 is simple. If, in
addition, φ|A0 is a trace, then φ(r0)−1φ|ker π1 is the unique tracial state on kerπ1,
and if φ|A0 is not a trace, then kerπ1 has no tracial states.
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If α + β1 > 1 and α + β2 = 1, then q2 is full in A0 and kerπ2 is simple. If, in
addition, φ|A0 is a trace, then φ(r0)−1φ|ker π2 is the unique tracial state on kerπ2,
and if φ|A0 is not a trace, then kerπ2 has no tracial states.

If α + β1 = 1 and α + β2 = 1 (which implies α = β1 = 1
2), then q1 is full in

kerπ2 and q2 is full in kerπ1 and (kerπ1)∩ (kerπ2) is simple. If, in addition, φ|A0

is a trace, then φ(r0)−1φ|ker π1∩ker π2 is the unique tracial state on kerπ1 ∩ kerπ2

and if φ|A0 is not a trace, then kerπ1 ∩ kerπ2 has no tracial states.

Proof. Let A1 be the C∗–subalgebra of A generated by {1, p, q}, so

(A1, φ|A1 ) = (
1−p

C
1−α
⊕

p

C
α

) ∗ (
q1

C
β1
⊕

q2

C
β2

).

By Proposition 2.8, (1−p)A(1−p) is isomorphic to the free product of (1−p)A1(1−p)
and A0. We use Proposition 2.7 to find A1. We will also use the fact that A is
generated by

(1− p)A(1− p) ∪ (1 − p)A1p ∪ pA1p.

Case I(4.1). α > β1. Then

A1 =
p∧q2

C
α+β2−1

⊕
(
C([a, b])⊗M2(C)

)
⊕

p∧q1

C
α+β1−1

,

so (1− p)A(1− p) ∼= C([a, b]) ∗A0 is simple by Proposition 3.2. Thus

A ∼=
p∧q2

C
α+β2−1

⊕
(
(C([a, b]) ∗A0)⊗M2(C)

)
⊕

p∧q1

C
α+β1−1

.

Letting r0 = 1− p ∧ q1 − p ∧ q2, we then have that

A0
def= r0A = (C([a, b]) ∗A0)⊗M2(C)

is simple. If φ|A0 is a trace, then (1−p)A(1−p) has stable rank 1 by Proposition 3.4.
Thus also A has stable rank 1. Finally, r0A1 is clearly in the centralizer of φ. Hence
the centralizer of φ|A0 has a unital, diffuse abelian subalgebra which contains r0p
and another which contains r0q1.

Case II(4.1). α = β1 > 1
2 . Then

A1 = {f : [0, b]→M2(C) | f continuous and f(0) diagonal } ⊕
p∧q1

C
α+β−1

,(18)

with p = ( 1 0
0 0 ) ⊕ 1 and q1 =

(
t
√

t(1−t)√
t(1−t) 1−t

)
⊕ 1. Moreover, p ∧ q1 is minimal

and central in A and, by Proposition 3.2, (1− p)A(1− p) ∼= C([0, b]) ∗A0 is simple.
Consider the central projection r0 = 1−p∧q1, and let A0 = r0A. Because r0A1 is in
the centralizer of φ, the centralizer of φ|A0 has a unital, diffuse abelian subalgebra
which contains r0p and and another which contains r0q1. Let π

(1)
p∧q2 : r0A1 → C be

the ∗–homomorphism defined, in the notation of (18), by

π
(1)
p∧q2 (f) = the (1,1)–entry of f(0),

so that π
(1)
p∧q2(r0p) = 1 = π

(1)
p∧q2 (q2). Clearly r0 is also central in A, and the linear

span of
r0pA1p + (1 − p)A(1− p) + (1− p)A(1− p)A1p

+ pA1(1− p)A(1− p) + pA1(1 − p)A(1− p)A1p
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is dense in A0. Thus π
(1)
p∧q2 extends to a ∗–homomorphism πp∧q2 : A0 → C such

that

kerπ
(1)
p∧q2+(1 − p)A(1− p) + (1− p)A(1− p)A1p

+pA1(1− p)A(1− p) + pA1(1 − p)A(1− p)A1p
(19)

spans a dense subset of kerπp∧q2 .
We now show that kerπp∧q2 is simple. Since (1 − p)A(1 − p) is simple, by

Proposition 2.6 it will suffice to show that (1 − p)A(1 − p) is full in kerπp∧q2 .
But clearly 1 − p is full in kerπ

(1)
p∧q2 , and pA1(1 − p) ⊆ kerπ

(1)
p∧q2 . Hence, by the

denseness of the span of (19) in kerπp∧q2 , there is no proper ideal of kerπp∧q2

containing (1− p)A(1− p).
Suppose φ|A0 is a trace. Then (1−p)A(1−p) has stable rank 1 by Proposition 3.4.

Since 1−p is full in kerπp∧q2 , also kerπp∧q2 has stable rank 1 by Proposition 2.5(i).
Then A has stable rank 1 by Proposition 2.4.

Finally, we show that q2 is full in A0. Suppose I is an ideal of A0 containing q2.
Looking at the ideal of A1 generated by q2, we see that I contains a nonzero element
of kerπp∧q2 , hence by simplicity contains all of kerπp∧q2 . But q2 6∈ kerπp∧q2 and
A0/ kerπp∧q2 is one-dimensional; hence A0 ⊆ I.
Case III(4.1). β1 > α > β2. Then

A1 =
q1∧(1−p)

C
β1−α

⊕
(
C([a, b])⊗M2(C)

)
⊕

q1∧p

C
β1+α−1

,

and

(1− p)A(1− p) ∼=
(q1∧(1−p)

C
β1−α
1−α

⊕ C([a, b])
)
∗A0

is by Proposition 3.2 simple. Let r0 = 1 − q1 ∧ p and A0 = r0A. Clearly 1 − p is
full in r0A1 and thus is full in A0. Hence A0 is simple. If D is a unital, diffuse
abelian subalgebra of the centralizer of φ|A0 , then D + (p− q1 ∧ p)A1(p− q1 ∧ p) is
a unital, diffuse abelian subalgebra of the centralizer of φ|A0 and contains r0p. By
Proposition 3.5 and considering the C∗–subalgebra of (1− p)A(1− p) generated by
{q1 ∧ (1 − p)} ∪ A0, we see that there is a unital, diffuse abelian subalgebra D of
the centralizer of φ|(q1∧(1−p))A(q1∧(1−p)). Then

D + q2A1q2 + (q1 − q1 ∧ (1− p)− q1 ∧ p)A1(q1 − q1 ∧ (1− p)− q1 ∧ p)

is a unital, diffuse abelian subalgebra of the centralizer of φ|A0 and contains r0q1.
If φ|A0 is a trace, then by Proposition 3.4 (1− p)A(1− p) has stable rank 1. So

by Proposition 2.5(i), A0 has stable rank 1. We know that

A = A0 ⊕
p∧q1

C
α+β1−1

,

so A has stable rank 1.

Case IV(4.1). 1
2 > α = β2. Then

A1 =
(1−p)∧q1

C
β1−α

⊕ {f : [a, 1]→M2(C) | f continuous and f(1) diagonal },(20)
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with 0 < a < 1, p = 0⊕ ( 1 0
0 0 ) and q1 = 1⊕

(
t
√

t(1−t)√
t(1−t) 1−t

)
. Thus

(1− p)A(1− p) ∼=
(q1∧(1−p)

C
β1−α
1−α

⊕ C([a, 1])
)
∗A0

is by Proposition 3.2 simple. Moreover, if D is a unital, diffuse abelian subalgebra
of the centralizer of φ|A0 , then D + pA1p is a unital, diffuse abelian subalgebra of
the centralizer of φ and contains p. By Proposition 3.5 and considering the C∗–
subalgebra of (1− p)A(1− p) generated by {q1 ∧ (1− p)} ∪A0, we see that there is
a unital, diffuse abelian subalgebra D of the centralizer of φ|(q1∧(1−p))A(q1∧(1−p)).
Then

D + q2A1q2 + (q1 − q1 ∧ (1− p))A1(q1 − q1 ∧ (1− p))

is a unital, diffuse abelian subalgebra of the centralizer of φ and contains q1.
Let π

(1)
p∧q1 : A1 → C be the ∗–homomorphism defined, in the notation of (20), by

π
(1)
p∧q1(λ⊕ f) = the (1,1)–entry of f(1),

so that π
(1)
p∧q1 (p) = 1 = π

(1)
p∧q1(q1). Then the linear span of

pA1p + (1− p)A(1− p) + (1− p)A(1− p)A1p

+ pA1(1− p)A(1− p) + pA1(1− p)A(1− p)A1p

is clearly dense in A, so π
(1)
p∧q1 extends to a ∗–homomorphism πp∧q1 : A → C such

that

kerπ
(1)
p∧q1+(1 − p)A(1− p) + (1− p)A(1− p)A1p

+pA1(1− p)A(1− p) + pA1(1 − p)A(1− p)A1p
(21)

spans a dense subset of kerπp∧q1 .
As in Case II, since 1− p is full in ker(1)p∧q1 and since (1− p)A(1− p) is simple, it

follows that kerπp∧q1 is simple.
If φ|A0 is a trace then by Proposition 3.4, (1 − p)A(1 − p) has stable rank 1.

Since 1−p is full in kerπp∧q1 , also kerπp∧q1 has stable rank 1 by Proposition 2.5(i).
Thus by Proposition 2.4, A has stable rank 1.

Finally, we show that q1 is full in A. Suppose I is an ideal of A containing q1.
Looking at the ideal of A1 generated by q1, we see that I contains a nonzero element
of kerπp∧q1 , hence by simplicity contains all of kerπp∧q1 . But q1 6∈ kerπp∧q1 and
πp∧q1 is one-dimensional; hence A ⊆ I.
Case V(4.1). β2 > α. Then

A1 =
(1−p)∧q1

C
β1−α

⊕
(
C([a, b])⊗M2(C)

)
⊕

(1−p)∧q2

C
β2−α

and

(1− p)A(1− p) ∼=
((1−p)∧q1

C
β1−α
1−α

⊕ C([a, b])⊕
(1−p)∧q2

C
β2−α
1−α

)
∗A0

is by Proposition 3.2 simple. Since 1− p is full in A1, is follows that A is simple.
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Moreover, if D is a unital, diffuse abelian subalgebra of the centralizer of φ|A0 ,
then D+pA1p is a unital, diffuse abelian subalgebra of the centralizer of φ and con-
tains p. By Proposition 3.5 and considering the C∗–subalgebra of (1−p)A(1−p) gen-
erated by {q1∧(1−p), q2∧(1−p)}∪A0, we see that there is a unital, diffuse abelian
subalgebra D1 and, respectively, D2, of the centralizer of φ|(q1∧(1−p))A(q1∧(1−p)) and,
respectively, of φ|(q2∧(1−p))A(q2∧(1−p)). Then

D1 + (q1 − q1 ∧ (1− p))A1(q1 − q1 ∧ (1− p))

+ D2 + (q2 − q2 ∧ (1 − p))A1(q2 − q2 ∧ (1 − p))

is a unital, diffuse abelian subalgebra of the centralizer of φ and contains q1.
If φ|A0 is a trace then by Proposition 3.4 (1−p)A(1−p) has stable rank 1. Hence

by Proposition 2.5(i) also A has stable rank 1.

Case VI(4.1). β1 = α = 1
2 . Then

A1 = {f : [0, 1]→M2(C) | f continuous, f(0), f(1) diagonal },(22)

with p = ( 1 0
0 0 ), q1 =

(
t
√

t(1−t)√
t(1−t) 1−t

)
. Thus

(1− p)A(1− p) ∼= C([0, 1]) ∗A0

is by Proposition 3.2 simple. Moreover, clearly A1 is in the centralizer of φ and has
unital, diffuse abelian subalgebras containing p and, respectively, q1. For i ∈ {1, 2}
let π

(1)
p∧qi

: A1 → C be the ∗–homomorphism defined, in the notation of (22), by

π
(1)
p∧qi

(f) =

{
the (1,1)–entry of f(1) if i = 1,

the (1,1)–entry of f(0) if i = 2,

so that π
(1)
p∧qi

(p) = 1 = π
(1)
p∧qi

(qi). Then the linear span of

pA1p + (1− p)A(1− p) + (1− p)A(1− p)A1p

+ pA1(1− p)A(1− p) + pA1(1− p)A(1− p)A1p

is clearly dense in A, so π
(1)
p∧qi

extends to a ∗–homomorphism πp∧qi : A → C such
that

kerπ
(1)
p∧q1 ∩ kerπ

(1)
p∧q2 + (1− p)A(1− p) + (1− p)A(1− p)A1p

+ pA1(1 − p)A(1− p) + pA1(1− p)A(1− p)A1p
(23)

spans a dense subset of kerπp∧q1 ∩ kerπp∧q2 .
As in Case II, since 1− p is full in ker(1)p∧q1 ∩ ker(1)p∧q2 and since (1− p)A(1− p) is

simple, it follows that kerπp∧q1 ∩ kerπp∧q2 is simple.
If φ|A0 is a trace, then, by Proposition 3.4, (1−p)A(1−p) has stable rank 1. Since

1− p is full in kerπp∧q1 ∩ kerπp∧q2 , by Proposition 2.5(i) also kerπp∧q1 ∩ kerπp∧q2

has stable rank 1. Since A/(kerπp∧q1 ∩ kerπp∧q2) is two–dimensional, it follows
from Proposition 2.4 that A has stable rank 1.

We show that q1 is full in kerπp∧q2 . Suppose I is an ideal of kerπp∧q2 containing
q1. Multiplying by elements of A1, we see that I contains a nonzero element of
kerπp∧q1 , hence by simplicity contains all of kerπp∧q1∩kerπp∧q2 . But q1 6∈ kerπp∧q1

and πp∧q1 is one-dimensional; hence kerπp∧q2 ⊆ I. The proof that q2 is full in
kerπp∧q1 is the same.

We now examine the question of existence and uniqueness of tracial states on
the algebras delineated in the statement of the lemma. In all the cases above, it
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follows from Proposition 3.2 that (1 − p)A(1 − p) has tracial states if and only if
φ|A0 is a trace, and then the free product state gives the unique tracial state on
(1 − p)A(1 − p). Moreover, the element 1 − p is full in the simple algebras under
consideration, i.e.

1− p is full in A0 in Cases I, III and V,
1− p is full in kerπp∧q2 in Case II,
1− p is full in kerπp∧q1 in Case IV,
1− p is full in kerπp∧q1 ∩ kerπp∧q2 in Case VI.

It then follows from Proposition 2.5(ii) that in each of Cases I–VI, the corresponding
algebra has tracial states if and only if φ|A0 is a trace, and then the restriction of
φ(r0)−1φ to this algebra is its unique tracial state. (In the non–unital Cases II, IV
and VI, one easily sees that the above normalization gives a state by looking at the
subalgebra r0A1.)

Lemma 4.2. Let

(A, φ) = (A0 ⊕
p1

C
α1
⊕

p2

C
α2

) ∗ (
q1

C
β1
⊕

q2

C
β2

),

where the centralizer of φ|A0 has a unital, diffuse abelian subalgebra. Let

L+ = {(i, j) | αi + βj > 1},
L0 = {(i, j) | αi + βj = 1}.(24)

Then

A =
r0

A0 ⊕
⊕

(i,j)∈L+

pi∧qj

C
αi+βj−1

,

where the centralizer of φ|A0 has a unital, diffuse abelian subalgebra which contains
r0p1 and a unital, diffuse abelian subalgebra which contains r0q1.

If φ|A0 is a trace, then the stable rank of A is 1.
If L0 is empty, then A0 is simple. If, in addition, φ|A0 is a trace, then φ(r0)−1φ|A0

is the unique tracial state on A0, and if φ|A0 is not a trace, then A0 has no tracial
states.

If L0 is not empty, then for every (i, j) ∈ L0 there is a ∗–homomorphism π(i,j) :
A0 → C such that π(i,j)(r0pi) = 1 = π(i,j)(r0qj). Then

(i)

A00
def
=

⋂
(i,j)∈L0

kerπ(i,j)

is simple. If φ|A0 is a trace then φ(r0)−1φ|A00 is the unique tracial state on
A00, and if φ|A0 is not a trace then A00 has no tracial states.

(ii) For each i ∈ {1, 2}, r0pi is full in A0 ∩
⋂

(i′,j)∈L0
i′ 6=i

kerπ(i′,j).

(iii) For each j ∈ {1, 2}, r0qj is full in A0 ∩
⋂

(i,j′)∈L0
j′ 6=j

kerπ(i,j′).

Proof. We will assume that α1 ≥ α2 and β1 ≥ β2. To prove the lemma in its full
generality, we will now be careful to find a unital, diffuse abelian subalgebra of the
centralizer of φ|A0 containing {r0p1, r0p2}, not only r0p1, and another containing
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{r0q1, r0q2}. Let A1 be the C∗–subalgebra of A generated by A0 + C(p1 + p2)
together with {q1, q2}, i.e.

(A1, φ|A1 ) = (A0 ⊕
p1+p2

C
α1+α2

) ∗ (
q1

C
β1
⊕

q2

C
β2

).(25)

We find A1 using Lemma 4.1. Then, by Proposition 2.8

(p1 + p2)A(p1 + p2) ∼= (p1 + p2)A1(p1 + p2) ∗
( p1

C
α1

α1+α2

⊕
p2

C
α2

α1+α2

)
(26)

We consider three cases.

Case I(4.2). α1 + α2 + β1 ≤ 1. Then by Lemma 4.1, the centralizer of φ|A1 has a
unital, diffuse abelian subalgebra D which contains p1 + p2, and p1 + p2 is full in
A1. Hence by Proposition 3.2 (p1 + p2)A(p1 + p2) is simple. Also, p1 + p2 is full in
A, hence A is simple. If φA0 is a trace then, by Proposition 3.4, (p1 + p2)A(p1 + p2)
has stable rank 1. Hence by Proposition 2.5(i) so does A. The application of
Lemma 4.1 to (25) yields a unital, diffuse abelian subalgebra of the centralizer of φ
which contains {q1, q2}. Applying Corollary 3.6 to (26) shows that the centralizer
of φ|(p1+p2)A(p1+p2) has a unital, diffuse abelian subalgebra D′ containing {p1, p2}.
Then (1− p1 − p2)D(1− p1 − p2) + D′ is a unital, diffuse abelian subalgebra of the
centralizer of φ containing {p1, p2}.
Case II(4.2). α1 + α2 + β1 > 1 and α1 + α2 + β2 ≤ 1. Note that this implies

L+ = {(i, 1) | αi + β1 > 1},
L0 = {(i, 1) | αi + β1 = 1}.

Applying Lemma 4.1 to (25) shows that

A1 =
r1,0

A1,0 ⊕
(p1+p2)∧q1

C
α1+α2+β1−1

,

where r1,0 = 1− (p1 + p2) ∧ q1, where the centralizer of φ|A1,0 has a unital, diffuse
abelian subalgebra containing r1,0(p1 + p2) and where each of r1,0(p1 + p2) and q2

is full in A1,0. Then

(p1 + p2)A1(p1 + p2) = (p1 + p2)A1,0(p1 + p2)⊕
(p1+p1)∧q1

C
α1+α2+β1−1

α1+α2

.

So, from (26) and Lemma 4.1,

(p1 + p2)A(p1 + p2) =
r2,0

A2,0 ⊕
⊕

(i,1)∈L+

pi∧q1

C
αi+β1−1

α1+α2

,

where

r2,0 = p1 + p2 −
∑

(i,1)∈L+

pi ∧ q1.

Since A is generated by (p1 + p2)A(p1 + p2) ∪ A1, we have

A =
r0

A0 ⊕
⊕

(i,1)∈L+

pi∧q1

C
αi+β1−1

,
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where the linear span of

A2,0 + A2,0A1,0(1− p1 − p2) + (1− p1 − p2)A1,0A2,0

+ (1 − p1 − p2)A1,0A2,0A1,0(1 − p1 − p2) + (1− p1 − p2)A1,0(1− p1 − p2)

(27)

is dense in A0. Thus r0 = r2,0 + (1 − p1 − p2). Now the centralizer of φ|A2,0 has
a unital, diffuse abelian subalgebra D which contains {r2,0p1, r2,0p2}. Letting D′

be a unital, diffuse abelian subalgebra of the centralizer of φ|A0 , it follows that
D+D′ is a unital, diffuse abelian subalgebra of the centralizer of φ|A0 and contains
{r0p1, r0p2}.

Now let D be a unital, diffuse abelian subalgebra of the centralizer of φ|A2,0

containing r2,0((p1 + p2)∧ q1), and D′ be a unital, diffuse abelian subalgebra of the
centralizer of φ|A1,0 containing {r1,0q1, q2}. Then r2,0((p1 + p2) ∧ q1)D + D′ is a
unital, diffuse abelian subalgebra of the centralizer of φ|A0 and contains {q2, r0q1}.

Since r1,0(p1 + p2) ∈ A2,0 and is full in A1,0, it follows that A2,0 is full in A0. If
L0 is empty then A2,0 is simple, hence (by Proposition 2.6) A0 is also simple.

Otherwise, if L0 is nonempty, for every (i, 1) ∈ L0 there is a ∗–homomorphism
π

(2)
(i,1) : A2,0 → C such that π

(2)
(i,1)(r2,0pi) = 1 = π

(2)
(i,1)(r2,0((p1 +p2)∧ q1)). Using the

denseness of the span of (27) in A0, we see that π
(2)
(i,1) extends to a ∗–homomorphism

π(i,1) : A0 → C such that π(i,1)(r0pi) = 1 = π(i,1)(r0q1) and the linear span of

kerπ
(2)
(i,1) + A2,0A1,0(1− p1 − p2) + (1− p1 − p2)A1,0A2,0

+ (1− p1 − p2)A1,0A2,0A1,0(1− p1 − p2) + (1 − p1 − p2)A1,0(1− p1 − p2)

is dense in kerπ(i,1).
Let

A2,00 = A2,0 ∩
⋂

(i,1)∈L0

kerπ
(2)
(i,1).

From the application of Lemma 4.1, A2,00 is simple. Since A2,00 contains
r1,0(p1 + p2), which is full in A1,0, it follows that A2,00 is full in A00. Then (by
Proposition 2.6), A00 is simple.

Let i ∈ {1, 2}. We now show that r0pi is full in

A0 ∩
⋂

(i′,1)∈L0
i′ 6=i

kerπ(i′,1).(28)

Suppose I is an ideal of the algebra in (28) containing r0pi. Since r2,0 ≤ r0 and
(by Lemma 4.1) r2,0pi is full in

A2,0 ∩
⋂

(i′,1)∈L0
i′ 6=i

kerπ
(2)
(i′,1),(29)

I must contain the algebra in (29). Hence, arguing as above, A1,0 ⊆ I. Thus

A2,0 ∩
⋂

(i′,1)∈L0
i′ 6=i

kerπ
(2)
(i′,1) + A2,0A1,0(1− p1 − p2)

+ (1− p1 − p2)A1,0A2,0 + (1 − p1 − p2)A1,0A2,0A1,0(1 − p1 − p2) ⊆ I,
proving that the algebra of (28) is contained in I.
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Similarly, since r2,0((p1 +p2)∧q1) is full in A2,0, it follows that r0q1 is full in A0.
If φ|A0 is a trace, then from Lemma 4.1 we have that A2 and indeed A2,0 has

stable rank 1. The fullness of A2,0 in A0 implies (via Proposition 2.5(i)) that A0

has stable rank 1, hence A has stable rank 1.
Finally, concerning existence and uniqueness of traces, from Lemma 4.1 we have

that A2,00 has a tracial state if and only if φ|A0 is a trace, and then φ(r2,0)−1φ|A2,00

is its unique tracial state. The same statement for A00 then follows from fullness
of A2,00 in A00 and Proposition 2.5(ii). (One can easily check the normalization.)

Case III(4.2). α1+α2+β2 > 1. Since β2 ≤ 1
2 we must have 1

2 < α1+α2. Let n ∈ N
be least such that α1 + α2 ≤ n

n+1 . Thus n ≥ 2. We will proceed by induction on n,
proving the case n = 2 and the inductive step simultaneously. Applying Lemma 4.1
to (25), we have

A1 =
r1,0

A1,0 ⊕
(p1+p2)∧q1

C
α1+α2+β1−1

⊕
(p1+p2)∧q2

C
α1+α2+β2−1

,

where r1,0 = 1− (p1 + p2)∧ q1− (p1 + p2)∧ q2, where the centralizer of φ|A1,0 has a
unital, diffuse abelian subalgebra containing r1,0(p1 + p2) and where A1,0 is simple.
Thus from (26),

(p1 + p2)A(p1 + p2) ∼=
(
(p1 + p2)A1,0(p1 + p2)⊕

(p1+p2)∧q1

C
α1+α2+β1−1

α1+α2

⊕
(p1+p2)∧q2

C
α1+α2+β2−1

α1+α2

)
∗
( p1

C
α1

α1+α2

⊕
p2

C
α2

α1+α2

)
.

Now since n−1
n < α1 + α2, we have

α1 + α2 + β1 − 1
α1 + α2

+
α1 + α2 + β2 − 1

α1 + α2
= 2− 1

α2 + α2
<

n− 2
n− 1

.

The inductive hypothesis (or, when n ∈ {2, 3}, the previously considered Case I or
Case II) applies, and we have, with L+ as in (24),

(p1 + p2)A(p1 + p2) =
r2,0

A2,0 ⊕
⊕

(i,j)∈L+

pi∧qj

C
αi+βj−1

α1+α2

,

where r2,0 = p1 + p2 −
∑

(i,j)∈L+
pi ∧ qj . We obtain that

A =
r0

A0 ⊕
⊕

(i,j)∈L+

pi∧qj

C
αi+βj−1

and that the span of (27) is dense in A0. So r0 = r2,0 + (1 − p1 − p2). Letting
D be a unital, diffuse abelian subalgebra of the centralizer of φ|A2,0 containing
{r2,0p1, r2,0p2}, and D′ a unital, diffuse abelian subalgebra of the centralizer of
φ|A0 , we see that D + D′ is a unital, diffuse abelian subalgebra of the centralizer of
φ and contains {r0p1, r0p2}.

Let D be a unital, diffuse abelian subalgebra of the centralizer of φ|A2,0 that
contains {((p1 + p2) ∧ q1)r2,0, ((p1 + p2) ∧ q2)r2,0} and let D′ be a unital, diffuse
abelian subalgebra of the centralizer of φ|A1,0 that contains {r1,0q1, r1,0q2}. Then

r2,0((p1 + p2) ∧ q1)D + r2,0((p1 + p2) ∧ q2)D + D′

is a unital, diffuse abelian subalgebra of the centralizer of φ|A0 and contains {r0q1,
r0q2}.
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Since r1,0(p1 + p2) ∈ A2,0 and is full in A1,0, it follows that A2,0 is full in A0. If
L0, defined in (24), is empty, then A2,0 is simple; hence (by Proposition 2.6) A0 is
also simple.

If L0 is nonempty, then for every (i, j) ∈ L0 there is a ∗–homomorphism π
(2)
(i,j) :

A2,0 → C such that π
(2)
(i,j)(r2,0pi) = 1 = π

(2)
(i,j)(r2,0((p1 + p2)∧ qj)), and this extends

to a ∗–homomorphism π(i,j) : A0 → C such that π(i,j)(r0pi) = 1 = π(i,j)(r0qj) and
the linear span of

kerπ
(2)
(i,j) + A2,0A1,0(1− p1 − p2) + (1 − p1 − p2)A1,0A2,0

+ (1− p1 − p2)A1,0A2,0A1,0(1− p1 − p2) + (1− p1 − p2)A1,0(1− p1 − p2)

is dense in kerπ(i,j).
Let

A2,00 = A2,0 ∩
⋂

(i,j)∈L0

kerπ
(2)
(i,j).

From the application of Lemma 4.1, A2,00 is simple. Since A2,00 contains
r1,0(p1 + p2), which is full in A1,0, it follows that A2,00 is full in A00. Then (by
Proposition 2.6), A00 is simple.

Let i ∈ {1, 2}. We will now show that r0pi is full in

A0 ∩
⋂

(i′,j)∈L0
i′ 6=i

kerπ(i′,j).(30)

Suppose I is an ideal of the algebra in (30) which contains r0pi. Since r2,0 ≤ r0

and since r2,0pi is full in

A2,0 ∩
⋂

(i′,j)∈L0
i′ 6=i

kerπ
(2)
(i′,j),

this algebra must be contained in I. Then r1,0(p1 + p2) ∈ I. Since A1,0 is simple,
it is then contained in I. Hence

A2,0 ∩
⋂

(i′,j)∈L0
i′ 6=i

kerπ
(2)
(i′,j) + A2,0A1,0(1− p1 − p2)

+ (1− p1 − p2)A1,0A2,0 + (1 − p1 − p2)A1,0A2,0A1,0(1 − p1 − p2) ⊆ I,
proving that the algebra of (30) is contained in I.

Let j ∈ {1, 2}. We now show that r0qj is full in

A0 ∩
⋂

(i,j′)∈L0
j′ 6=j

kerπ(i,j′).(31)

Suppose I is an ideal of the algebra in (31) which contains r0qj . Since r2,0 ≤ r0

and since r2,0qj is full in

A2,0 ∩
⋂

(i,j′)∈L0
j′ 6=j

kerπ
(2)
(i,j′),

this algebra must be contained in I. Then r1,0(p1 + p2) ∈ I, which as before shows
that the algebra (31) is contained in I.
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The required results about the stable rank of A and the existence and uniqueness
of traces on A00 follow from the inductive hypothesis because (in the simple case)
A2,0 is full in A0 or (more generally) A2,00 is full in A00.

Lemma 4.3. Let n ∈ N, n ≥ 3 and let

(A, φ) = (
p1

C
α1
⊕ · · · ⊕

pn

C
αn

) ∗ (
q1

C
β1
⊕

q2

C
β2

).

Let

L+ = {(i, j) | αi + βj > 1},
L0 = {(i, j) | αi + βj = 1}.(32)

Then

A =
r0

A0 ⊕
⊕

(i,j)∈L+

pi∧qj

C
αi+βj−1

,

where the centralizer of φ|A0 has a unital, diffuse abelian subalgebra which contains
r0p1 and a unital, diffuse abelian subalgebra which contains r0q1.

Then the stable rank of A is 1.
If L0 is empty, then A0 is simple and φ(r0)−1φ|A0 is the unique tracial state on

A0.
If L0 is not empty, then for every (i, j) ∈ L0 there is a ∗–homomorphism π(i,j) :

A0 → C such that π(i,j)(r0pi) = 1 = π(i,j)(r0qj). Then:

(i)

A00
def
=

⋂
(i,j)∈L0

kerπ(i,j)

is simple and φ(r0)−1φ|A00 is the unique tracial state on A0.
(ii) For each i ∈ {1, 2, . . . , n}, r0pi is full in

A0 ∩
⋂

(i′,j)∈L0
i′ 6=i

kerπ(i′,j).(33)

(iii) For each j ∈ {1, 2}, r0qj is full in

A0 ∩
⋂

(i,j′)∈L0
j′ 6=j

kerπ(i,j′).(34)

Proof. We proceed by induction on n, proving the initial step n = 3 and the
inductive step simultaneously. Let A1 be the C∗–subalgebra of A generated by
(C(p1 + p2) + Cp3 + · · ·Cpn) ∪ (Cq1 + Cq2). Thus

(A1, φ|A1 ) ∼= (
p1+p2

C
α1+α2

⊕
p3

C
α3
⊕ · · · ⊕

pn

C
αn

) ∗ (
q1

C
β1
⊕

q2

C
β2

).
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By the inductive hypothesis when n > 3 or by Proposition 2.7 when n = 3, letting

L+ = {(i, j) | αi + βj > 1}, L0 = {(i, j) | αi + βj = 1},
L

(1)
+ = {(i, j) | i ≥ 3, αi + βj > 1}, L

(1)
0 = {(i, j) | i ≥ 3, αi + βj = 1},

L′+ = {j | α1 + α2 + βj > 1}, L′0 = {j | α1 + α2 + βj = 1},
L

(2)
+ = L+\L(1)

+ , L
(2)
0 = L0\L(1)

0 ,

(35)

we have

A1 =
r1,0

A1,0 ⊕
⊕

j∈L′
+

(p1+p2)∧qj

C
α1+α2+βj−1

⊕
⊕

(i,j)∈L
(1)
+

pi∧qj

C
αi+βj−1

,

and there is a unital, diffuse abelian subalgebra of the centralizer of φ|A1,0 contain-
ing r1,0(p1 + p2). By Proposition 2.8, (p1 + p2)A(p1 + p2) is freely generated by
(p1 + p2)A1(p1 + p2) and (Cp1 + Cp2), so

(p1 + p2)A(p1 + p2)

∼=
(p1 + p2)A1,0(p1 + p2)⊕

⊕
j∈L′

+

(p1+p2)∧qj

C
α1+α2+βj−1

α1+α2

 ∗( p1

C
α1

α1+α2

⊕
p2

C
α2

α1+α2

)
.

Noting that |L′+| ≤ 2, we may use Lemma 4.2, Lemma 4.1 or results from §3 to
show that

(p1 + p2)A(p1 + p2) =
r2,0

A2,0 ⊕
⊕

(i,j)∈L
(2)
+

pi∧qj

C
αi+βj−1

.

Hence

A =
r0

A0 ⊕
⊕

(i,j)∈L+

pi∧qj

C
αi+βj−1

,(36)

where r0 = r2,0 + r1,0(1− p1 − p2) and the linear span of the set in (27) is dense in
A0.

The inductive hypothesis (or Proposition 2.7) yields for every (i, j) ∈ L
(1)
0 a

∗–homomorphism π
(1)
(i,j) : A1,0 → C such that π

(1)
(i,j)(r1,0pi) = 1 = π

(1)
(i,j)(r1,0qj).

Moreover, for every (i, j) ∈ L
(2)
0 we have a ∗–homomorphism π

(2)
(i,j) : A2,0 → C

such that π
(2)
(i,j)(r2,0pi) = 1 = π

(2)
(i,j)(r2,0qj). Looking at (27), one easily sees that

each of these ∗–homomorphisms can be uniquely extended to a ∗–homomorphism
π(i,j) : A0 → C so that π(i,j)(r0pi) = 1 = π(i,j)(r0qj).

Let

A1,00 = A1,0 ∩
⋂

(i,j)∈L
(1)
0

kerπ
(1)
(i,j),

A2,00 = A2,0 ∩
⋂

(i,j)∈L
(2)
0

kerπ
(2)
(i,j).



26 KENNETH J. DYKEMA

Since r1,0(p1 + p2) ∈ A1,00 ∩A2,00, we see from the denseness of the span of (27) in
A0 that the linear span of

A2,0 + A2,00A1,00(1− p1 − p2) + (1− p1 − p2)A1,00A2,00

+ (1− p1 − p2)A1,00A2,00A1,00(1− p1 − p2) + (1− p1 − p2)A1,0(1− p1 − p2)

(37)

is dense in A0, and hence the linear span of

A2,00 + A2,00A1,00(1− p1 − p2) + (1− p1 − p2)A1,00A2,00

+ (1− p1 − p2)A1,00A2,00A1,00(1− p1 − p2) + (1− p1 − p2)A1,00(1 − p1 − p2)

is dense in A00. Note that r1,0(p1+p2) is full in A1,00. Since r1,0(p1+p2) ∈ A2,00, this
implies that A2,00 is full in A00. Since A2,00 is simple, it follows from Proposition 2.6
that A00 is simple. (This also shows that A0 is simple when L0 = ∅.)

Let us now prove part (ii). If i ∈ {1, 2} then the linear span of(
A2,0 ∩

⋂
(i′,j)∈L

(2)
0

i′ 6=i

ker(2)(i′,j)

)
+ A2,00A1,00(1− p1 − p2) + (1− p1 − p2)A1,00A2,00

+(1− p1 − p2)A1,00A2,00A1,00(1 − p1 − p2) + (1− p1 − p2)A1,00(1− p1 − p2)

is dense in (33). But r2,0pi is full in

A2,0 ∩
⋂

(i′,j)∈L
(2)
0

i′ 6=i

ker(2)(i′,j) .

Since this latter algebra contains r1,0(p1 + p2), which is full in A1,00, it then follows
that r0pi is full in the algebra (33). Now take i ∈ {3, 4, . . . , n}. For j ∈ L′0 let
π

(1)
(0,j) : A1,0 → C be the ∗–homomorphism such that π

(1)
(0,j)(p1+p2) = 1 = π

(1)
(0,j)(qj).

We have that r1,0pi is full in

A1,0 ∩
⋂

j∈L′
0

kerπ
(1)
(0,j) ∩

⋂
(i′,j)∈L

(1)
0

i′ 6=i

kerπ
(1)
(i′,j),

which in turn contains (1 − p1 − p2)A1,0(p1 + p2) and

(1− p1 − p2)
(

A1,0 ∩
⋂

(i′,j)∈L
(1)
0

i′ 6=i

kerπ
(1)
(i′,j)

)
(1− p1 − p2).

But (p1 + p2)(
⋂

j∈L′
0
kerπ

(1)
(0,j))(p1 + p2) meets A2,00, which is simple. Hence any

ideal of the algebra (34) which contains r0pi must also contain

A2,00 + A2,00A1,00(1− p1 − p2) + (1− p1 − p2)A1,00A2,00

+ (1− p1 − p2)A1,00A2,00A1,00(1 − p1 − p2)

+ (1− p1 − p2)
(

A1,0 ∩
⋂

(i′,j)∈L
(1)
0

i′ 6=i

kerπ
(1)
(i′,j)

)
(1− p1 − p2),

which is dense in the algebra (34). This shows that r0pi is full in (34).
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We now prove part (iii). We have that r1,0qj is full in

A1,0 ∩
⋂

j′∈L′
0

j′ 6=j

kerπ
(1)
(0,j′) ∩

⋂
(i,j′)∈L

(1)
0

j′ 6=j

kerπ
(1)
(i,j′),(38)

which in turn contains (1 − p1 − p2)A1,0(p1 + p2) and

(1− p1 − p2)
(

A1,0 ∩
⋂

(i,j′)∈L
(1)
0

j′ 6=j

kerπ
(1)
(i,j′)

)
(1− p1 − p2).

If ∃i such that (i, j) ∈ L
(2)
0 then α1 + α2 + βj > 1, so (p1 + p2) ∧ qj 6= 0 and

r2,0((p1 + p2) ∧ qj) is full in

A2,0 ∩
⋂

(i,j′)∈L
(2)
0

j′ 6=j

kerπ
(2)
(i,j′).(39)

Hence any ideal of the algebra (34) that contains r0qj must contain

(
A2,0 ∩

⋂
(i,j′)∈L

(2)
0

j′ 6=j

ker(2)(i,j′)

)
+ A2,00A1,00(1− p1 − p2) + (1− p1 − p2)A1,00A2,00

+ (1− p1 − p2)A1,00A2,00A1,00(1− p1 − p2)

+ (1− p1 − p2)
(

A1,0 ∩
⋂

(i,j′)∈L
(1)
0

j′ 6=j

ker(1)(i,j′)

)
(1− p1 − p2),

whose span is dense in (34). On the other hand, if there is no i such that (i, j) ∈ L
(2)
0

then the algebra (39) is A2,00, which is simple. By a dimension argument, the
algebra (38) meets A2,00. Hence any ideal of the algebra (34) that contains r0qj

must contain

A2,00 + A2,00A1,00(1 − p1 − p2) + (1− p1 − p2)A1,00A2,00

+ (1− p1 − p2)A1,00A2,00A1,00(1− p1 − p2)

+ (1− p1 − p2)
(

A1,0 ∩
⋂

(i,j′)∈L
(1)
0

j′ 6=j

ker(1)(i,j′)

)
(1− p1 − p2),

whose span is dense in (34). Thus r0qj is full in (34).
The required results about stable rank and uniqueness of the trace follow as in

previous lemmas from the fact that A2,00 is full in A00.

Lemma 4.4. Let n ∈ N ∪ {0} and let

(A, φ) = (A0 ⊕
p1

C
α1
⊕ · · · ⊕

pn

C
αn

) ∗ (
q1

C
β1
⊕

q2

C
β2

),
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where the centralizer of φ|A0 has a unital, diffuse abelian subalgebra. Let L+ and
L0 be as in (32). Then

A =
r0

A0 ⊕
⊕

(i,j)∈L+

pi∧qj

C
αi+βj−1

,(40)

where the centralizer of φ|A0 has a unital, diffuse abelian subalgebra which contains
r0p1 and a unital, diffuse abelian subalgebra which contains r0q1.

If φ|A0 is a trace then the stable rank of A is 1.
If L0 is empty then A0 is simple. If, in addition, φ|A0 is a trace then φ(r0)−1φ|A0

is the unique tracial state on A0, and if φ|A0 is not a trace then A0 has no tracial
states.

If L0 is not empty, then for every (i, j) ∈ L0 there is a ∗–homomorphism π(i,j) :
A0 → C such that π(i,j)(r0pi) = 1 = π(i,j)(r0qj). Then:

(i)

A00
def
=

⋂
(i,j)∈L0

kerπ(i,j)

is simple. If φ|A0 is a trace then φ(r0)−1φ|A00 is the unique tracial state on
A0, and if φ|A0 is not a trace then A00 has no tracial states.

(ii) For each i ∈ {1, 2, . . . , n}, r0pi is full in

A0 ∩
⋂

(i′,j)∈L0
i′ 6=i

kerπ(i′,j).(41)

(iii) For each j ∈ {1, 2}, r0qj is full in

A0 ∩
⋂

(i,j′)∈L0
j′ 6=j

kerπ(i,j′).(42)

Proof. The cases n = 0, 1, 2 have been already proved. Let p0 = 1−∑n
1 pj and let

A1 be the C∗–subalgebra of A generated by (Cp0 +Cp1 + · · ·+Cpn)∪ (Cq1 +Cq2),
so that

(A1, φ|A1) = (
p0

C
α0
⊕

p1

C
α1
⊕ · · · ⊕

pn

C
αn

) ∗ (
q1

C
β1
⊕

q2

C
β2

).

Let

L
(0)
+ = {(0, j) | α0 + βj > 1},

L
(0)
0 = {(0, j) | α0 + βj = 1}.

We use Lemma 4.3 to find that

A1 =
r1,0

A1,0 ⊕
⊕

(i,j)∈L+∪L
(0)
+

pi∧qj

C
αi+βj−1

.

Then by Proposition 2.8, p0A1p0 and A0 freely generate p0Ap0. Hence by Propo-
sition 3.2, p0Ap0 is simple. So (40) holds, where r0 = p0 + (1 − p0)r1,0 and where
the linear span of

p0Ap0 + p0Ap0A1,0(1− p0) + (1− p0)A1,0p0Ap0

+ (1 − p0)A1,0p0Ap0A1,0(1− p0) + (1− p0)A1,0(1− p0)
(43)
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is dense in A0. The application of Lemma 4.3 gives for each (i, j) ∈ L0 ∪ L
(0)
0 a

∗–homomorphism π
(1)
(i,j) : A1,0 → C such that π

(1)
(i,j)(r1,0pi) = 1 = π

(1)
(i,j)(r1,0qj), and

then r1,0p0 is full in

A1,0 ∩
⋂

(i,j)∈L0

kerπ
(1)
(i,j).(44)

For each (i, j) ∈ L0, π
(1)
(i,j) extends to a ∗–homomorphism π(i,j) : A0 → C whose

kernel is densely spanned by

p0Ap0 + p0Ap0A1,0(1− p0) + (1− p0)A1,0p0Ap0

+ (1 − p0)A1,0p0Ap0A1,0(1− p0) + (1− p0)(kerπ
(1)
(i,j))(1− p0).

Since the algebra (44) contains both (1− p0)
(
A1,0 ∩

⋂
(i,j)∈L0

kerπ
(1)
(i,j)(1− p0)

)
and

(1− p0)A1,0p0, from the denseness of (44) in A0 we see that p0 is full in A00. Since
p0Ap0 is simple, by Proposition 2.6 this implies that A00 is simple (hence when L0

is empty, A0 is simple).
From the facts, for (i, j) ∈ L0, that r1,0pi is full in

A1,0 ∩
⋂

(0,j)∈L
(0)
0

kerπ
(1)
(0,j) ∩

⋂
(i′.j)∈L0

i′ 6=i

kerπ
(1)
(i′,j),

which by a dimension argument contains a nonzero element of p0A1,0p0, and that
every positive element of p0Ap0 is full in A00, we obtain that r0pi is full in (41),
proving (ii).

Because r1,0qj is full in

A1,0 ∩
⋂

(0,j′)∈L
(0)
0

j′ 6=j

kerπ
(1)
(0,j) ∩

⋂
(i.j′)∈L0

j′ 6=j

kerπ
(1)
(i,j′),

which meets p0A1,0p0, we similarly obtain that r0qj is full in (41), proving (iii).
If φ|A0 is a trace then, by Propositions 3.2 and 3.4, p0Ap0 has unique tracial

state and stable rank 1. Since p0Ap0 is full in A00, by Proposition 2.5 the same
hold for A00 (which is just A0 when L0 is empty), and φ(r0)−1φ|A00 is then seen to
be the unique tracial state.

If φ|A0 is not a trace, then by Proposition 3.2, p0Ap0 has no tracial state, so
neither does A00 have a tracial state.

The following proposition proves Theorem 1.

Proposition 4.5. Let

(A, φ) = (
p1

C
α1
⊕ · · · ⊕

pn

C
αn

) ∗ (
q1

C
β1
⊕ · · · ⊕

qm

C
βm

),

where n ≥ 2 and m ≥ 3.
Then the stable rank of A is 1.
Let

L+ = {(i, j) | αi + βj > 1},
L0 = {(i, j) | αi + βj = 1}.
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Then

A =
r0

A0 ⊕
⊕

(i,j)∈L+

pi∧qj

C
αi+βj−1

where the centralizer of φ|A0 has a unital, diffuse abelian subalgebra containing r0p1.
If L0 is empty then A0 is simple and nonunital, and φ(r0)−1φ|A0 is the unique

tracial state on A0.
If L0 is not empty, then for every (i, j) ∈ L0 there is a ∗–homomorphism π(i,j) :

A0 → C such that π(i,j)(r0pi) = 1 = π(i,j)(r0qj). Then:
(i)

A00
def
=

⋂
(i,j)∈L0

kerπ(i,j)

is simple and nonunital, and φ(r0)−1φ|A00 is the unique tracial state on A00.
(ii) For each i ∈ {1, 2, . . . , n}, r0pi is full in A0 ∩

⋂
(i′,j)∈L0

i′ 6=i

kerπ(i′,j).

Proof. We proceed by induction on min(n, m). If min(n, m) = 2 then Lemma 4.3
applies to prove the desired results. If min(n, m) ≥ 3, take n ≤ m and let A1 be the
C∗–subalgebra of A generated by (C(p1 +p2)+Cp3 + · · ·Cpn)∪ (Cq1 + · · ·+Cqm).
Thus

(A1, φ|A1) ∼= (
p1+p2

C
α1+α2

⊕
p3

C
α3
⊕ · · · ⊕

pn

C
αn

) ∗ (
q1

C
β1
⊕ · · · ⊕

qm

C
βm

).

By the inductive hypothesis, letting L+, L0, L
(1)
+ , L

(1)
0 , L′+, L′0, L

(2)
+ and L

(2)
0 be

as in (35), we have

A1 =
r1,0

A1,0 ⊕
⊕

j∈L′
+

(p1+p2)∧qj

C
α1+α2+βj−1

⊕
⊕

(i,j)∈L
(1)
+

pi∧qj

C
αi+βj−1

,

and there is a unital, diffuse abelian subalgebra of the centralizer of φ|A1,0 contain-
ing r1,0(p1 + p2). By Proposition 2.8, (p1 + p2)A(p1 + p2) is freely generated by
(p1 + p2)A1(p1 + p2) and (Cp1 + Cp2), so

(p1 + p2)A(p1 + p2)

∼=
(p1 + p2)A1,0(p1 + p2)⊕

⊕
j∈L′

+

(p1+p2)∧qj

C
α1+α2+βj−1

α1+α2

 ∗( p1

C
α1

α1+α2

⊕
p2

C
α2

α1+α2

)
.

Applying Lemma 4.4 yields

(p1 + p2)A(p1 + p2) =
r2,0

A2,0 ⊕
⊕

(i,j)∈L
(2)
+

pi∧qj

C
αi+βj−1

.

Hence

A =
r0

A0 ⊕
⊕

(i,j)∈L+

pi∧qj

C
αi+βj−1

,

where r0 = r2,0 + r1,0(1− p1 − p2) and the linear span of the set in (27) is dense in
A0.
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Now the proof of this proposition follows verbatim the proof of Lemma 4.3 after
equation (36), except we must also show that when L0 is nonempty then A00 is
nonunital. Suppose for contradiction that A00 is unital with identity e. Then
e 6= r0, but ex = exe = xe for every x ∈ A0. Thus e is in the center of A0. But
by the results of [5], the strong–operator closure of A0 (in the GNS representation
associated to φ|A0) is a II1–factor. This gives a contradiction, because e must be
in the center of this von Neumann algebra.

Remark 4.6. By the same proof, one shows that for every nonempty subset F of
L0, the ideal

⋂
(i,j)∈F kerπ(i,j) of A0 is nonunital.

The following lemma can be proved from Proposition 4.5 using Proposition 2.8
in the same way that Lemma 4.4 was proved from Lemma 4.3.

Lemma 4.7. Let

(A, φ) = (A0 ⊕
p1

C
α1
⊕ · · · ⊕

pn

C
αn

) ∗ (
q1

C
β1
⊕ · · · ⊕

qm

C
βm

),(46)

where the centralizer φ|A0 has a unital, diffuse abelian subalgebra and where n ≥ 1,
m ≥ 2. Or, let

(A, φ) = (A0 ⊕
p1

C
α1
⊕ · · · ⊕

pn

C
αn

) ∗ (B0 ⊕
q1

C
β1
⊕ · · · ⊕

qm

C
βm

),(47)

where the centralizer of each of φ|A0 and φ|B0 has a unital, diffuse abelian subalgebra
and where n ≥ 1, m ≥ 1.

Then

A =
r0

A0 ⊕
⊕

(i,j)∈L+

pi∧qj

C
αi+βj−1

,

where the centralizer of φ|A0 has a unital, diffuse abelian subalgebra containing r0p1

and another containing r0q1.
If L0 is empty then A0 is simple.
If L0 is not empty, then for every (i, j) ∈ L0 there is a ∗–homomorphism π(i,j) :

A0 → C such that π(i,j)(r0pi) = 1 = π(i,j)(r0qj). Then:
(i)

A00
def
=

⋂
(i,j)∈L0

kerπ(i,j)

is simple and nonunital, and φ(r0)−1φ|A00 is the unique tracial state on A00.
(ii) For each i ∈ {1, 2, . . . , n}, r0pi is full in A0 ∩

⋂
(i′,j)∈L0

i′ 6=i

kerπ(i′,j).

(iii) For each j ∈ {1, 2, . . . , m}, r0pj is full in A0 ∩
⋂

(i,j′)∈L0
j′ 6=j

kerπ(i,j′).

Moreover, if φA0 is a trace (and if, in the case of (47), φ|B0 is a trace), then A
has stable rank 1 and φ(r0)−1φ is the unique tracial state on A0 when L0 is empty
or A00 when L0 is nonempty. Otherwise, A0, respectively A00, has no tracial state.

As promised in §1, a result similar to 4.5 holds for free products of more than
two finite dimensional abelian C∗–algebras.
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Theorem 4.8. Let N ∈ N, N ≥ 3, and for each ι ∈ {1, . . . , N} take a finite
dimensional abelian C∗–algebra and faithful tracial state,

(Aι, τι) =
pι,1

C
αι,1
⊕

pι,2

C
αι,2
⊕ · · · ⊕

pι,n(ι)

C
αι,n(ι)

,(48)

where n(ι) ∈ N, n(ι) ≥ 2. Let

(A, τ) =
N∗

ι=1
(Aι, τι)

and let

L+ =

{(
j(ι)

)N
ι=1

∣∣∣∣ N∑
ι=1

(1− αι,j(ι)) < 1

}
,

L0 =

{(
j(ι)

)N
ι=1

∣∣∣∣ N∑
ι=1

(1− αι,j(ι)) = 1

}
.

(49)

Then

A =
r0

A0 ⊕
⊕

j∈L+

rj

C
γj

,

where for j = (j(ι))N
ι=1 ∈ L+, γj = 1−∑N

ι=1(1− αι,j(ι)) and rj =
∧N

ι=1 pι,j(ι). For
each 1 ≤ ι ≤ N and each 1 ≤ k ≤ n(ι), A0 has a unital, diffuse abelian subalgebra
which contains r0pι,k. Moreover, A has stable rank 1.

If L0 is empty, then A0 is simple and φ(r0)−1φ|A0 is the unique tracial state on
A0.

If L0 is nonempty, then for every j = (j(ι))N
ι=1 ∈ L0 there is a ∗–homomorphism

πj : A0 → C such that ∀1 ≤ ι ≤ N πj(pι,j(ι)) = 1. Then:
(i)

A00
def
=

⋂
j∈L0

kerπj

is simple and nonunital, and φ(r0)−1φ|A00 is the unique tracial state on A00.
(ii) For each 1 ≤ ι ≤ N and each 1 ≤ k ≤ n(ι), r0pι,k is full in

A0 ∩
⋂

j∈L0
j(ι) 6=k

kerπj .

Proof. The proof is by induction on N , and the case N = 3 and the inductive
step are proved simultaneously. Let AN−1 be the C∗–subalgebra of A generated
by
⋃N−1

ι=1 Aι. Use the inductive hypothesis (or, when N = 3, Proposition 4.5 or
Proposition 2.7) to find that

(AN−1, τ |AN−1) ∼=
N−1∗
ι=1

(Aι, τι).

Then

(A, τ) ∼= (AN−1, τ |AN−1) ∗ (AN , τN ),

and one uses Lemma 4.7 to find A.
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One can generalize this to the free product of finitely many (say N) algebras of
the form A0⊕C⊕· · ·⊕C, either, as Theorem 4.8 was proved, by using Lemma 4.7
and induction on N , or, as Lemma 4.4 was proved, by applying Theorem 4.8 and
Lemma 3.2. One obtains the following result.

Theorem 4.9. Let N ∈ N, N ≥ 3, and for each ι ∈ {1, . . . , N} let (Aι, φι) be
either a finite dimensional abelian algebra with a faithful state as in (48) or

(Aι, φι) = Aι,0 ⊕
pι,1

C
αι,1
⊕

pι,2

C
αι,2
⊕ · · · ⊕

pι,n(ι)

C
αι,n(ι)

,(50)

where n(ι) ∈ N, n(ι) ≥ 1, and where the centralizer of φι|Aι,0 has a unital, diffuse
abelian subalgebra. Let

(A, τ) =
N∗

ι=1
(Aι, τι)

and let L+ and L0 be as in (49). Then

A =
r0

A0 ⊕
⊕

j∈L+

rj

C
γj

,

where for j = (j(ι))N
ι=1 ∈ L+, γj = 1 −∑N

ι=1(1 − αι,j(ι)) and rj =
∧N

ι=1 pι,j(ι). If
each φι|Aι,0 is a trace then A has stable rank 1.

If L0 is empty then A0 is simple, and if each φι|Aι,0 is a trace then φ(r0)−1φ|A0

is the unique tracial state on A0. If some φι|Aι,0 is not a trace then A0 has no
tracial states.

If L0 is nonempty, then for every j = (j(ι))N
ι=1 ∈ L0 there is a ∗–homomorphism

πj : A0 → C such that ∀1 ≤ ι ≤ N πj(pι,j(ι)) = 1. Then

A00
def
=

⋂
j∈L0

kerπj

is simple and nonunital, and if each φι|Aι,0 is a trace then φ(r0)−1φ|A00 is the
unique tracial state on A00. If some φι|Aι,0 is not a trace then A00 has no tracial
states.

Restricting the above proposition to the case when each Aι,0 is abelian, we obtain
the following result about the free product of finitely many abelian C∗–algebras.

Corollary 4.10. Let N ∈ N, N ≥ 2, and for each 1 ≤ ι ≤ N consider the abelian
C∗–algebra and state (C(Xι),

∫ ·dµι), where µι is a regular Borel probability measure
on Xι whose support is all of Xι and having at most finitely many atoms, each of
which is an isolated point of Xι. Let

(A, τ) =
N∗

ι=1
(C(Xι),

∫ · dµι).

Let

L+ =

{
x = (xι)N

ι=1

∣∣∣∣xι ∈ Xι,

N∑
ι=1

(1− µι({xι})) < 1

}
,

L0 =

{
x = (xι)N

ι=1

∣∣∣∣xι ∈ Xι,
N∑

ι=1

(1− µι({xι})) = 1

}
.
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Assume that no Xι is a one–point space, and also exclude the case when N = 2
and X1 and X2 are both two–point spaces. Then A has stable rank 1, and

A =
r0

A0 ⊕
⊕

x∈L+

rx

C
αx

,(51)

where αx = 1 −∑N
ι=1(1 − µι({xι})). If L0 is empty, then A0 is simple and has

unique tracial state τ(r0)−1τ |A0 .
If L0 is nonempty, then there are distinct, surjective ∗–homomorphisms, πx :

A0 → C, (x ∈ L0), such that

A00
def
=

⋂
x∈L0

kerπx

is simple and nonunital and has unique tracial state τ(r0)−1τ |A00 .

5. More general abelian C∗–algebras

In this section we will investigate free products,

(A, τ) =
N∗

ι=1
(C(Xι),

∫ · dµι),

of abelian C∗–algebras and states, (C(Xι),
∫ · dµι), each of which can be written as

an inductive limit of the abelian algebras and states considered in Corollary 4.10.
The criterion for simplicity of the free product of such abelian algebras is the
same as for finite dimensional abelian algebras, namely, A is simple if and only if
there are no atoms xι ∈ Xι of µι (1 ≤ ι ≤ N) such that

∑N
1 (1 − µ({xι})) ≤ 1.

(Compare Corollary 4.10.) However, in the case when there are atoms xι satisfying∑N
1 (1 − µ({xι})) < 1, we don’t always get a corresponding copy of C as a direct

summand of A. In fact we get such a direct summand, i.e. a minimal and central
projection in A, like rx in (51), corresponding to these atoms, if and only if each
xι is an isolated point of Xι.

Definition 5.1. Let X be a compact Hausdorff topological space and let µ be a
regular Borel probability measure on X . We say (X, µ) is an inverse limit of spaces
and measures with isolated atoms if X is an inverse limit, X = lim←−(Xn, κn), of
compact Hausdorff spaces Xn and surjective, continuous maps κn : Xn+1 → Xn,
(n ∈ N), such that, letting λn : X → Xn be the resulting canonical surjective maps
and letting µn = (λn)∗(µ) be the push–forward measures, each µn has at most
finitely many atoms and each atom of µn is an isolated point of Xn, and, moreover,
if x ∈ Xn and if κ−1

n ({x}) has more than one point, then x is an atom of µn.

Examples 5.2. In each of the following cases, (X, µ) is an inverse limit of spaces
and measures with isolated atoms. (One can easily cook up more intricate examples
as well.)

(i) µ has no atoms;
(ii) all the atoms of µ are isolated points of X ;
(iii) X is separable and totally disconnected;
(iv) X = {0} ∪ ⋃∞

n=1[
1

2n+1 , 1
2n ] with the relative topology from R, and µ has a

unique atom at 0.
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Theorem 5.3. Let N ∈ N, N ≥ 2, and for each 1 ≤ ι ≤ N let (Xι, µι) be a
compact Hausdorff space and a regular Borel probability measure, each of which is
an inverse limit of spaces and measures with isolated atoms. Assume each Xι has
more than one point and each µι has support equal to all of Xι. Exclude the case
when N = 2 and X1 and X2 are both two–point spaces. Let

(A, τ) =
N∗

ι=1
(C(Xι),

∫ · dµι).

Let

I+ =

{
x = (xι)N

ι=1 ∈
N∏

ι=1

Xι

∣∣∣∣ N∑
ι=1

(1− µι({xι})) < 1, each xι is isolated in Xι

}
,

L =

{
x = (xι)N

ι=1 ∈
N∏

ι=1

Xι

∣∣∣∣ N∑
ι=1

(1− µι({xι})) ≤ 1

}∖
I+.

Then A has stable rank 1, and

A =
r0

A0 ⊕
⊕
x∈I+

rx

C
αx

,(52)

where αx = 1−∑N
ι=1(1−µι({xι})) and where rx =

∧N
ι=1 pxι , with pxι ∈ C(Xι) the

characteristic function of {xι}. If L is empty, then A0 is simple and has unique
tracial state τ(r0)−1τ |A0 .

If L is nonempty, then for every x ∈ L there is a ∗–homomorphism πx : A0 → C
such that whenever f ∈ C(Xι) we have πx(f) = f(xι). Moreover,

A00
def
=
⋂
x∈L

kerπx

is simple and nonunital, and has unique tracial state. Finally, for each nonempty
subset F ⊆ L, the ideal

⋂
x∈F kerπx of A0 is nonunital.

Proof. Let Xι = lim←−(Xι,n, κι,n) be an inverse limit with properties as in Defini-
tion 5.1, and let λι,n : Xι → Xι,n and µι,n = (λι,n)∗(µι) be the corresponding map
and measure. Thus, we may regard C(Xι,n) as a unital C∗–subalgebra of C(Xι),
where the state

∫ ·dµι restricts to
∫ ·dµι,n, and C(X) =

⋃∞
n=1 C(Xι,n). If y ∈ Xι,n

is an atom of µι,n and if λ−1
ι,n({y}) contains no atoms of µι, then since λ−1

ι,n({y}) is
clopen in Xι we may change (Xι,n, µι,n) by substituting λ−1

ι,n({y}) for y and chang-
ing µι,n accordingly. Then we must modify every (Xι,n+k, µι,n+k) too. By doing
so, we may assume without loss of generality that whenever n ∈ N and y ∈ Xι,n is
an atom of µι,n, then λ−1

ι,n({y}) contains an atom of µι.
Let c = max{µι({x}) | x ∈ Xι, 1 ≤ ι ≤ N}. Then c < 1. If xι ∈ Xι appears as

one of the coordinates in an element of L∪I+, then 1−µι({xι})+(N−1)(1−c) ≤ 1,
so µι({xι}) ≥ (N − 1)(1 − c). Therefore, L ∪ I+ is finite. Moreover, if µι has
infinitely many atoms then their masses form a sequence tending to zero, so there
is ε > 0 such that whenever xι ∈ Xι (1 ≤ ι ≤ N) and (xι)N

ι=1 6∈ L ∪ I+ then∑N
ι=1(1− µ({xι})) > 1 + ε.
Let xι ∈ Xι be an atom of µι. If xι is an isolated point of Xι, then for n large

enough λ−1
ι,n({λι,n(xι)}) = {xι} and hence the characteristic function of {xι}, which

we called pxι , is in C(Xι,n). We assume without loss of generality that this holds for
every n and for every ι. If xι is not an isolated point of Xι then

(
λ−1

ι,n({λι,n(xι)})
)∞
n=1
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is a neighborhood base for xι and, since µι is a regular measure whose support is
all of Xι, we have

µι,n({λι,n(xι)}) ≥ µι,n+1({λι,n+1(xι)}) > µι({xι})
and limn→∞ µι,n({λι,n(xι)}) = µι({xι}). Thus, for n large enough we have, for
every atom, xι ∈ Xι of µι,

µι,n({λι,n(xι)}) < µι({xι}) + ε/N.

We assume without loss of generality this holds for every n and for every ι.
Then, whenever xι,n ∈ Xι,n is an atom of µι,n and

N∑
ι=1

(1− µι,n(xι,n)) ≤ 1,(53)

there is a unique (xι)N
ι=1 ∈ L∪I+ such that xι,n = λι,n(xι) (1 ≤ ι ≤ N). Moreover,

if (xι)N
ι=1 ∈ I+ then the atoms λι,n(xι) and xι have the same mass, and if equality

holds in (53) then each xι is an isolated point of Xι.
Let An be the C∗–subalgebra of A generated by

⋃N
ι=1 C(Xι,n). Then

An
∼=

N∗
ι=1

(C(Xι,n),
∫ · dµι,n),

and by Corollary 4.10 and the facts discussed above we have

An =
(

rn,0

An,0 ⊕
⊕

x∈L+

rn,x

C
αn,x

)
⊕
⊕
x∈I+

rx

C
αx

,

where I+, αx and rx are as in the statement of the proposition and where

L+ =

{
x = (xι)N

ι=1 ∈ L

∣∣∣∣ N∑
ι=1

(1− µι({xι})) < 1

}
,

αn,x = 1−
N∑

ι=1

(1− µι,n({λι,n(xι)})),

rn,x =
N∧

ι=1

pxι,n,

where pxι,n ∈ C(Xι,n) is the characteristic function of {λι,n(xι)}. Also, letting
L0 = L\L+, for each x ∈ L0 there is a ∗–homomorphism πn,x : An,0 → C sending
pxι,n = pxι to 1 (1 ≤ ι ≤ N).

We have An ⊆ An+1 and A =
⋃∞

n=1 An. Let

A′
n,0 =

rn,0

An,0 ⊕
⊕

x∈L+

rn,x

C
αn,x

.

Then A′
n,0 ⊆ A′

n+1,0, and (52) holds with A0 =
⋃∞

n=1 A′
n,0. If L = ∅ then each

A′
n,0 = An,0 is simple with unique tracial state, and thus their inductive limit A0 is

simple with unique tracial state. Suppose L is nonempty. For each x = (xι)N
ι=1 ∈ L

let πx,n : A′
n,0 → C be the ∗–homomorphism sending pxι,n 7→ 1 (1 ≤ ι ≤ N). Then

An,00
def=

⋂
x∈L

kerπx,n
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is simple with unique tracial state. Clearly πx,n+1 is an extension of πx,n, so taking
the inductive limit we get, for each x ∈ L, a ∗–homomorphism πx : A0 → C. When
restricted to C(Xι), πx gives evaluation at xι ∈ Xι. Then A00 is the inductive limit
of the algebras An,00, and thus is simple with unique tracial state.

We now show that A00 is nonunital. First consider the case when L+ is nonempty.
Then for each x = (xι)N

ι=1 ∈ L+, αn,x decreases to the limit
∑N

ι=1(1 − µι({xι}))
but is never equal to this quantity. Suppose for contradiction that e ∈ A00 is the
identity of A00. Let n ∈ N and a ∈ An,00. Then there is m > n such that αn,x >
αm,x, and thus rn,x − rm,x ∈ Am,00 is a nonzero projection. Since a ∈ kerπn,x,
since πn,x(rn,x) = 1 and since rn,x is a minimal projection of An,00, we must have
arn,x = 0, and hence a(rn,x − rm,x) = 0. But e(rn,x − rm,x) = rn,x − rm,x, so

1 = ||rn,x − rm,x|| = ||(e− a)(rn,x − rm,x)|| ≤ ||e − a||.

This contradicts the fact that e ∈ ⋃n An,00.
If L+ = ∅ then L0 is nonempty, so each An,00 is nonunital. But this implies that

their inductive limit, A00, is nonunital.
The same technique shows that each ideal

⋂
x∈F kerπx of A0 is nonunital.

Although the above proposition was stated only for free products of abelian C∗–
algebras, a similar result is easily proved for free products of inductive limits of
the algebras of the form A0 ⊕ C ⊕ · · · ⊕ C that were considered, for example, in
Theorem 4.9.

6. Free products of infinitely many algebras

In this section we consider the reduced free product of infinitely many finite
dimensional abelian C∗–algebras. Although such free products of infinitely many
algebras can fail to be simple, they never get a copy of C as a direct summand,
and hence their proper, nontrivial ideals, if any, are always nonunital. Moreover,
the center of the free product algebra is always trivial, even when its von Neumann
algebra closure (i.e. the strong–operator closure of the GNS representation) has
nontrivial projections that are both minimal and central.

Theorem 6.1. For each ι ∈ N let (Aι, τι) be a finite dimensional abelian algebra
with faithful state as in (48). Let

(A, τ) =
∞∗

ι=1
(Aι, τι).

Then A has stable rank 1. Let

L =

{(
j(ι)

)∞
ι=1

∣∣∣∣ ∞∑
ι=1

(1− αι,j(ι)) ≤ 1

}
.

If L is empty then A is simple and τ is the unique tracial state on A.
Otherwise, if L is nonempty, then for each j = (j(ι))∞ι=1 ∈ L there is a ∗–

homomorphism πj : A→ C such that πj(pι,j(ι)) = 1 for every ι ∈ N. Then

A00
def
=
⋂
j∈L

kerπj



38 KENNETH J. DYKEMA

is simple and nonunital. Moreover, letting

γ0 = 1−
∑
j∈L

( ∞∑
ι=1

(
1− α(ι, j(ι))

))
,

γ−1
0 τ |A00 is the unique tracial state on A00. Finally, for every nonempty subset

F ⊆ L, the ideal
⋂

j∈F kerπj is nonunital.

Proof. The proof follows in a straightforward manner by using Theorem 4.8 and
taking inductive limits. To show that A00 and each of the other proper, nontrivial
ideals of A are nonunital, an argument like that in the proof Theorem 5.3 (in the
case L+ nonempty) is used.

Of course, similar results for free products of infinitely many abelian algebras of
the form considered in §5 or infinitely many algebras of the form A0 ⊕C⊕ · · · ⊕C
considered in Theorem 4.9 are easily obtained.

7. Conjectures

This section contains a couple of related open problems which seem likely to
have solutions, though I don’t yet see how to find them.

Conjecture 7.1. Let C(X) and C(Y ) be unital, abelian C∗–algebras having faith-
ful states given by probability measures µX on X and µY on Y . Let

(A, τ) = (C(X),
∫ · dµX) ∗ (C(Y ),

∫ · dµY ).

Then a necessary and sufficient condition for A to be simple is that for every x ∈ X
and y ∈ Y , µX({x}) + µY ({y}) < 1.

Proposition 7.2. The conditions in Conjecture 7.1 are necesary for simplicity of
A.

Proof. Suppose the conditions of 7.1 are not satisfied. Let C ⊆ X be the set of
atoms of µX . If C is finite then let D = C. If C is infinite then let C denote the
closure of C in X and let D be a totally disconnected, separable, compact Hausdorff
space equipped with a continuous surjective map λ : D → C. (That such a space
exists is a well–known result.) For each c ∈ C, choose f(c) ∈ λ−1(D). Let νD be
the measure on D given by νD({f(c)}) = µX({c}) and νD(D\f(C)) = 0. Replace
D by the support of νD. Let νX′ be the measure on X that when restricted to
X\C gives the same measure as µX and such that νX′(C) = 0, and let X ′ be the
support of νX′ . Let Xa be the compact Hausdorff space that is the disjoint union
of X ′ and D, and let µXa be the measure on Xa obtained from νX′ and νD. Let
κX : Xa → X be the surjective, continous map composed of the inclusion X ′ ↪→ X
and λ : D → X . Then µXa is the push–forward measure, µXa = (κX)∗(µX).
Therefore κX induces an injective, unital ∗–homomorphism, πX : C(X)→ C(Xa),
preserving the states defined by the measures µXa and µX . Do the same for Y ,
getting πY : C(Y )→ C(YA).

Now Theorem 5.3 applies to the free product

(A′, τ ′) = (C(Xa),
∫ · dµXa) ∗ (C(Ya),

∫ · dµYa).

If the condition of Conjecture 7.1 is not satisfied, then there are x ∈ Xa and y ∈ Ya

such that µXa({x}) + µYa({y}) ≥ 1, which by 5.3 implies the existence of a ∗–
homomorphism π : A′ → C that when restricted to C(Xa) is evaluation at x.
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Since τ ′ is faithful and κX and κY are trace–preserving inclusions, they induce an
inclusion A ↪→ A′. Then π|A is a nonzero ∗–homomorphism, so A is not simple.

We now look at free products of finite dimensional algebras, and we use the
notation of [6] for a faithful state on a finite dimensional algebra. Thus, if D =⊕K

j=1 Mnj(C), we write

(D, φ) =
K⊕

j=1

Mnj (C)
αj,1,... ,αj,nj

to mean that the restriction of φ to the jth summand of D is given by Tr(·H),
where Tr is the unnormalized trace on Mnj (C) and where H is the diagonal matrix
with αj,1, . . . , αj,nj down the diagonal.

Conjecture 7.3. Let

(A1, φ1) =
K1⊕
j=1

Mnj (C)
αj,1,··· ,αj,nj

,

(A2, φ2) =
K2⊕
j=1

Mmj (C)
βj,1,··· ,βj,mj

be finite dimensional C∗–algebras with faithful states and let

(A, φ) = (A1, φ1) ∗ (A2, φ2)(54)

be the reduced free product C∗–algebra. Then necessary and sufficient conditions
for A to be simple are that if nj = 1 for some j then for every 1 ≤ k ≤ K2

1
1− αj,1

<

mk∑
i=1

1
βk,i

,

and if mj = 1 for some j then for every 1 ≤ k ≤ K1

1
1− βj,1

<

nk∑
i=1

1
αk,i

.

If the above conjecture is true, then in particular A is simple whenever each
nj > 1 and each mj > 1. This conjecture is inspired by the results of [5] and [6],
which show that necessary and sufficient conditions for the von Neumann algebra
free product analogous to (54) to be a factor are that if nj = 1 for some j then for
every 1 ≤ k ≤ K2

1
1− αj,1

≤
mk∑
i=1

1
βk,i

(55)

and if mj = 1 for some j then for every 1 ≤ k ≤ K1

1
1− βj,1

≤
nk∑
i=1

1
αk,i

.(56)

Moreover, using this von Neumann algebra result and an argument similar to the
one used in Proposition 7.2, we see that (55) and (56) are necessary conditions for
the simplicity of A.

For some results about certain reduced free product C∗–algebras with respect to
non–faithful states, see [10].
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