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SIMPLICITY AND THE STABLE RANK
OF SOME FREE PRODUCT C*-ALGEBRAS

KENNETH J. DYKEMA

ABSTRACT. A necessary and sufficient condition for the simplicity of the C*—
algebra reduced free product of finite dimensional abelian algebras is found,
and it is proved that the stable rank of every such free product is 1. Related
results about other reduced free products of C*—algebras are proved.

INTRODUCTION

The reduced free product of C*—algebras with respect to given states was in-
troduced independently by Voiculescu [19] and Avitzour [2]. It is the appropriate
construction associated to Voiculescu’s free probability theory (see [19], [21]). The
motivating example concerns reduced group C*—algebras. For a discrete group G,
its reduced group C*—algebra is generated by the left regular representation of G on
I2(G) and is denoted C*(G). Its canonical tracial state (which is the vector state
associated to the characteristic function of the identity element of ) is written 7¢.
Then for discrete groups GG; and Ga, the reduced free product construction yields

(CF(G1),76,) * (CF(G2),7a,) = (CF(G), Ta),
where G = G * G2 is the free product of groups.

Voiculescu’s definition of freeness is an abstraction of some essential facets of the
relationship between the copies of C*(G;) and C}(G3) embedded in C*(G), with
respect to the trace 7. The reduced free product of C*—algebras can be described
with respect to freeness as follows. Let A; and As be unital C*—algebras with states
¢1 and ¢, respectively whose associated GNS representations are faithful. Then
the reduced free product of (A1, ¢1) and (As, ¢2) is the (unique) unital C*—algebra
2 and state ¢ with unital embeddings A, <— 2 such that

(1) the GNS representation associated to ¢ is faithful on 2;
(2) dla, = ¢u;
(
(

3) A; and A, are free with respect to ¢;
4) A is generated by A; U As.
We denote this by

(1) (A, 0) = (A1, ¢1) * (A2, ¢2).

It is further known [19] (or see [21, 2.5.3]) that ¢ is a trace if ¢1 and ¢o are traces.
Moreover, by [7], ¢ is also faithful on 2 if ¢; and ¢o are faithful.

The reduced free product thus provides a multitude of constructions of C*—
algebras, about which some results are known (see [19], [2], [11], [10], [9]). For
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example, many can be distinguished one from the other using K—theory, (see [11]
and [12]). However, questions abound.

Perhaps the most basic question concerns simplicity of reduced free product C*—
algebras. In [15], R.T. Powers showed that the reduced group C*—algebra of the free
group on two generators, C*(F3), is simple and has unique tracial state. Paschke
and Salinas [14] then proved the same for C*(G) whenever G = G; * G4 is the free
product of groups, where GG; has at least two elements and G> has at least three.
Avitzour [2] generalized further and showed that, for the reduced free product (1),
2l is simple if there are unitaries u,v € A; and w € As such that

d1(u) = ¢1(v) = 0 = ¢1(u*v), $1(u” - u) = ¢,
(2) P2 (w) =0, Pa(w™ - w)= ¢a.

(Actually, Avitzour required also ¢; and ¢ to be faithful, but this hypothesis is
easily dispensed with.)

Avitzour’s conditions imply simplicity of many reduced free product C*—algebras,
but there are plenty of cases where Avitzour’s conditions are not satisfied (see §4
of [9]), yet intuition (or the analogous result for von Neumann algebras, see [5])
suggests the algebra is simple. In this paper we give necessary and sufficient con-
ditions for simplicity of the reduced free product of arbitrary finite dimensional
abelian C*—algebras. Stated briefly, if

3) &, 7) = (A,74) * (B, 7B),

where A and B are finite dimensional abelian C*—algebras satisfying dim(A) > 3
and dim(B) > 2 and with faithful tracial states 74 and 75, then 2 is simple if and
only if whenever p is a minimal projection of A and ¢ is a minimal projection of B,
we have

(4) Ta(p) +78(q) < 1.

The necessity of this condition can be seen from [1]. Note that the condition from [5]
for the analogous free product of von Neumann algebras to be a factor is (4) but
with the strict inequality replaced by <. In addition, when the free product algebra
2 from (3) is not simple, our analysis allows one to easily find all ideals of 2.

We also show that for every reduced free product C*-algebra A as in (3), the
stable rank of 2 is 1, regardless of the simplicity of 2. The topological stable
rank was invented by M.A. Rieffel [17] in order to study “non-stable” K—theory
and as a sort of dimension for C*-algebras. Topological stable rank of C*-algebras
was in [13] shown to be equal to the Bass stable rank. The first result about
the stable rank of reduced free product C*—algebras is in [9], where it is proved
that the free product with respect to traces of C*—algebras A; and As has stable
rank 1 if the Avitzour conditions (2) are satisfied. Hence the present paper’s results
regarding stable rank are, for a restricted class of C*—algebra reduced free products,
a considerable generalization, and they lend support to the plausible conjecture that
every reduced free product of C*—algebras with respect to faithful, tracial states
has stable rank 1.

In §1 we state the main results proved in the paper. In §2 concepts and results
essential for the sequel are covered, including some dealing with stable rank, full
hereditary subalgebras and free products. In §3 we prove simplicity and stable
rank 1 for free products of two C*—algebras, when one is diffuse in a specific sense.
In §4 the results about the free product of finite dimensional abelian algebras are
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proved, as well as some related results about free products of more general alge-
bras. In §5, results about free products of abelian C*—algebras with states that are
inductive limits of the algebras considered in §4 are proved. In §6 we consider free
products of infinitely many finite dimensional abelian C*—algebras. Finally, in §7
we make two conjectures about simplicity of other free product C*—algebras.

1. STATEMENT OF THE MAIN RESULTS

In this section, we state the main results in more detail. Let

P1 P2 Pn
(Ar)=CeCa---aC,
[e5] Qg [0 7%%

(5) q1 q2 qm
(B,7p)=C@®Ca®. -3 C.
B1 B2 Bm
This notation means that n € N, that
A=Coh--- C7
N————’
n times

that py is the projection

=00 B0B1B0B--- DO,
k—1 n—=k

and that 74 is the state on A given by 74(pr) = ai. We thus need ai > 0 and
Z? ar = 1, and because we want the GNS representation of 74 to be faithful we
will always take ay > 0. The same considerations apply to (B, 7g) in (5).

Theorem 1. Let (A,74) and (B,7p) be finite dimensional, abelian C*—algebras
with faithful states as in (5), with dim(A) > 3 and dim(B) > 2. Let

A, 7) =(A,74) * (B, 7B)
be the reduced free product of C*—algebras. Let
Ly = {(7’7]) | @ +ﬁj > 1}7
Lo =A{(i,j) | ai + 85 = 1}.
Then the stable rank of 2 is 1 and

(6) a=de P
(i)els
where p; A q; = limy, oo (pig;)™. If Lo is empty then Ay is a simple C*-algebra.
Otherwise, for every (i,j) € Lo, although s.0.—lim, .~ (p;g;)" = 0, there is a unital
x—homomorphism 7 jy : Ao — C such that 7(; jy(rop:) = 1 = 7(; j)(rog;) and

de
2[()0 Zf ﬂ ker 7T(i7j)
(i,5)€Lo

PiNG;

c
itB;—1

is simple, nonunital and with unique tracial state ¢(ro) ™ d|ay, -

The notation in (6) means that A = g if L is empty, and otherwise
A=YdCo---aC.
| ————
|L4| times

In addition, for each (i, ) € L4 the corresponding central summand is C(p; A g;),
and 7(p; A ¢;) = a; + 8; — 1. The assertion that s.o.—lim, . (pig;)™ = 0 when
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a; + B; = 1 refers to the strong-operator limit in the GNS representation of 2 with
respect to 7. Finally, r =1 — Z(i,j)€L+ pi N\ q; is the projection which is the unit
of g 0 --- 0.

Analogous results hold for free products of more than two finite dimensional
abelian C*—algebras and for free products of direct sums of other abelian C*—
algebras (see Theorems 4.8, 4.9, 5.3 and 6.1).

The following result is used in the proof of Theorem 1 and is also of independent
interest.

Theorem 2. Let A and B be unital C*—algebras with states ¢4, respectively ¢p,
whose GNS representations are faithful. Let

(le(b) = (Av(bA) * (Bv(bB)

Suppose B # C and the centralizer of ¢4 has an abelian subalgebra D = C(X)
containing the unit of A and such that the restriction of ¢4 to D is given by an
atomless measure on X. Then A is simple. If ¢4 and ¢p are traces, then A has
stable rank 1 and ¢ is the unique tracial state on A. If one of ¢4 and ¢p is not a
trace, then A has no tracial states.

2. PRELIMINARIES

Definition 2.1. Let A be a unital C*—algebra and ¢ a state on A. Let B = C(X)
be an abelian C*—subalgebra of A containing the unit of A. We say that ¢ is diffuse
on B if ¢|p is given by a measure on X having no atoms. It will usually be clear
from the context which state we mean, and then we will speak simply of B being
a diffuse abelian subalgebra of A.

Given a C*—algebra with state (A, @), a Haar unitary (with respect to ¢) is a
unitary element u € A such that ¢(u™) = 0 for every nonzero integer n.

Proposition 2.2 [9, 4.1(i)]. Let B be a unital, abelian C*—algebra with state ¢.
Then ¢ is diffuse on B if and only if B contains a Haar unitary (with respect to

).

Recall that the centralizer of the state ¢ is {a € A | Vz € A ¢p(ax) = ¢(xza)}. We
will often be interested in the situation when the centralizer of ¢ contains a Haar
unitary.

An ideal of a C*—algebra always means a closed, two—sided ideal.

For unital C*—algebras A1, As, ... , A,, it is an obvious fact that A1 B AP - - DA,
has stable rank 1 if and only if for each j, A; has stable rank 1. In addition, we
will make use of the following results, due to Rieffel.

Proposition 2.3 [17,3.3]. Let n € N and let A be a C*—algebra. Then A has
stable rank 1 if and only if A® M, (C) has stable rank 1.

The following result follows from [17, 4.4 and 4.11] together with the fact that in
a finite dimensional C*—algebra B, the left invertible elements are invertible, hence
the connected stable rank of B is one.

Proposition 2.4. Let A be a C*—algebra with an ideal J such that A/J is finite
dimensional. Then A has stable rank 1 if and only if J has stable rank 1.

Recall that a hereditary C*—subalgebra B of a C*—algebra A is said to be full if
there is no closed, proper, two-sided ideal of A containing B.
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Proposition 2.5. Let A be a C*—algebra with countable approximate identity. Take
he A, h >0, and let B be the hereditary subalgebra hAh of A. Suppose that B is
full in A. Then

(i) A has stable rank 1 if and only if B has stable rank 1.
(ii) If B has unique tracial state then A has at most one tracial state.

Proof. For (i), note that B has a countable approximate identity for itself because
h is strictly positive in B (see [3, p. 327]). Thus, by [3], A and B are stably
isomorphic, i.e. A ® X =2 B ® X, where X is the algebra of compact operators on
separable Hilbert space. But [17, 3.6] states that

sr(A) =1 =3 sr(A@K) =1
and similarly for B, hence
sr(4) =1 & st(B) = 1.

To see (ii), note that span{zhahy | a,z,y € A} isdense in A. If 7 is a tracial state
on A then 7(zhahy) = 7(h'/?ahyzh/?) and h'/2ahyzh/? € B, so T is determined
by 7|5. O

We will say that a positive element h € A is full if the hereditary subalgebra
hAh is full in A. The following fact is easy to show.

Proposition 2.6. Let A be a C*—algebra and let B be a full hereditary C*—subalge-
bra of A. Then A is simple if and only if B is simple.

In fact (see [16]), it is well-known that the representation theories of a C*—algebra
A and its full hereditary C*—subalgebra B are equivalent.

The reduced free product of two two—dimensional C*—algebras is the most trans-
parent nontrivial free product one can consider. It is understood completely and
described in the proposition below. This description is the starting point for our
investigation into reduced free products of more general finite dimensional abelian
algebras.

Proposition 2.7. Let 1 >a > (> % and let

P 1-p q 1—q
@)= e d): s C)
If a > 3 then
pA(1—q) PAg
A= C e0(abl.M(Q)e C .

for some 0 < a < b < 1. Furthermore, in the above picture

p=1a(§d) @1,

B t tH(1-1)
=08 ( t1—t) 1—t ) o1,

and the faithful trace T is given by the indicated weights on the projections pA(1—gq)
and p A q, together with an atomless measure whose support is [a,b].
Ifa=0> % then

PAg
A={f:]0,b] = Mx(C) | f continuous and f(0) diagonal } & +([;/ X
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for some 0 < b < 1. Furthermore, in the above picture

p:((ng)EBlv

_ t t(1—t)
1= ( tH1—t) 1—t ) @1,
and the faithful trace T is given by the indicated weight on the projection p A q,

together with an atomless measure on [0,0].

Ifa=p8= % then
A={f:10,1] = Mz(C) | f continuous and f(0) and f(1) diagonal }.
Furthermore, in the above picture
p=(48);

B t A t(1-t)
1= ViA—t)  1-t ’

and the faithful trace T is given by an atomless measure whose support is [0, 1].

Proof. Once the traces of p and g are known, the C*—algebra 2 and the trace 7 are
determined by 7 composed with the functional calculus of pgp. This, in turn, is
computed using Voiculescu’s multiplicative free convolution [20]. To see this proof
in more detail, see [8] or the proof of the analogous result for von Neumann algebras
in [5, 1.1]. |

The following proposition is a variation on Theorem 1.2 of [5] and is proved
similarly.

Proposition 2.8. Let A = A; @ As be a direct sum of unital C*—algebras, write
p=180¢€ A and let ¢4 be a state on A, such that 0 < « dzef(bA(p) < 1. Let B be
a unital C*—algebra with state ¢pp and let (A, d) = (A, da) * (B, dp). Let Ay be the
C* —subalgebra of A generated by (0@ A2)+ Cp C A together with B. We abbreviate
this by writing
P 1-p
(Qlad)) = (Al @1"42)* (Bv(bB)

U
P 1—p
(A1, Pla, ) = (9 ® 142) * (B, ¢p).

Then pp is generated by pAip and A; &0 C A, which are free in (pUp, %(ﬂpg[p).
The next elementary lemma will come in handy.

Lemma 2.9. Let B be a unital C*—algebra and ¢ a state on B whose GNS repre-
sentation is faithful. If |¢p(u)| = 1 for every unitary u € B, then B = C.

Proof. Let the defining embedding B < L2(B,$) be denoted b — b. Let U(B)
denote the unitary group of B. Whenever v € U(B) then ||4|| = 1, but also
[(41,1)] = 1, so & = al for some a € T. But L*(B,¢) = span{a | u € U(B)}, so
L?(B, ¢) is one—dimensional. This implies B = C. O
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3. WHEN IN THE PRESENCE OF ONE SPREAD THIN

Let A and B be unital C*—algebras with states ¢4 and ¢p, respectively, whose
GNS representations are faithful, and let

(2[7 ¢) = (A7¢A) * (Bv(bB)

In this section we will prove that if the centralizer of ¢4 contains a unital, diffuse
abelian subalgebra then 2( is simple, and if, furthermore, ¢4 and ¢p are traces
then 2 has stable rank 1. The diffuse abelian subalgebra is, if you like, “one spread
thin.” By [9, 4.1(i)] (see Proposition 2.2 above) this condition is equivalent to the
centralizer of ¢4 containing a Haar unitary w.

Denote by 2y the norm dense s*—subalgebra of 2l that is generated by A U B.
Then, using the standard notation A° = ker ¢4 and B° = ker ¢, every element x
of %y can be written x = x¢ + x1, where o € A and

N
(7) T = Z aDpD DD ) p
j=1

) )
n(7)4n(j)
with N € N, n(j) € N, aéj),ag()j) €A d?, ... ,aif()j)_l € A0 b . ,bfj(),) € B°.

J
Expressed another way,

z1 € span U ABCA°...B°A°B° A

n=1 n times B°

We begin with a technical lemma. Let u be a Haar unitary in the centralizer of
¢4 and write

u N & {u™" | k € N},
uN LR | ke NY.

Lemma 3.1. With notation as above, suppose that B # C and the centralizer of
¢4 contains a Haar unitary u. Given € > 0 and x € A such that ¢(x) = 0, there
is a unitary, z € A such that z*xz differs in norm by no more than € from a finite
linear combination of elements of

(8) 0 | JuNpoa. . BoA°BouN.

n=1 n times B°

Proof. Since 2 is dense in 2, we may assume without loss of generality that = € 2.
By Lemma 2.9 there is a unitary element v € B such that 0 < ¢p(v) < 1. Let
co = ¢p(v), c1 = /1 —c and y = (v — ¢pl)/c1, so that 1 and y are orthonormal
in L2(B, ¢p). Let n,k € N and let z = (u*v)"u¥. Write x = 2y + 2; with 7y € A
and z; as in (7).

We first concern ourselves with z*z1z. Writing =1 as in (7), let n > 0. Since
(uP)pez is an orthonormal family in L?(A, ¢4), we have

(9) Va € A lim ¢a(au?) =0= lim ¢4(auP).
p—00 p— 00

Using (9), we see that if k is large enough, then for every positive integer p and
every j we have |¢a(u=Pka$))| < n and |¢A(aff))upk

(HUP")| < m. Since v = ¢l + 1y,



8 KENNETH J. DYKEMA

we have

P DL oeesauty™ eyt
81,.,0n€{0,1}

where

s [y oite=1,
Y71 its=o,

Y731 ifs=o.

If not all the d; are zero, then ag()j)uky‘sl -~ uFydnu® differs in norm by at most

Nl|y||™ (where m is the number of 1 < j < n for which §; = 1) from an element of
Aoony . .Aoy UN
—_—
m times A°y

Since ||y|| < (14¢o)/c1, we obtain that a(J()] z differs in norm by at most ¢} ||a(J) [+

(14 2¢p)™n from an element of

n
span U A°yA°y - - APy uN
—_——

m=1 m times A°y

Similarly, z*agj ) differs in norm by at most e |a((3j M|+ (14 2¢0)™n from an element

of

n
span U U_N y*Aoy*Ao . y*Ao

m times y* A°

Therefore z*x;z dffers in norm by no more than

2

Y (cbllag” 1+ (1 +2c0)"n) (165" at?b5 a6 ] (cllall) ] + (1 + 2¢0)™n)

Jj=1

from a finite linear combination of elements from ©. Thus, if n is chosen large
enough and then k is chosen large enough, then z*z;z can be made arbitrarily
close to a finite linear combination of elements from ©.

We now examine z*xgz. Using again v = ¢yl + ¢1y, we have

(10)
Z*ZEOZ = Z 061 e Cé2nu_ky_61 u_k - y_67lu_kx0uky6n+1 - uky627luk.
01,...,02,€{0,1}
We first concentrate on the 271 — 1 terms when either §; = ds = --- =46,, = 0 or
Opnt+1 = Opt2 = -+ = dg, = 0. The sum over these terms is equal to

(VR g g oM EOR gy~ (e Dk (DR
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which has norm no greater than cff||zo||(2 + ¢f). This can be made arbitrarily
small by choosing n large enough (independently of k). Each of the remaining
22n — 2ntl 41 terms of (10) is of the form

(11) cécllu rpky*_._u rgky*u rlky*u o kxousokyuslkyus2k---yusqk

where ', p, ¢, 7;, 8; are positive integers and [ > 0. Clearly
(12) d(u~kzouor) = (b(:vou(so_ro)k).

If 7o = so then ¢(u~""*zou®°*) = ¢(2¢) = 0, and hence the term (11) is an element
of ©. Using (9) we see that by choosing k large enough, each quantity (12) can be
made arbitrarily small and hence each of the terms (11) can be made arbitrarily
close to an element of ©. Thus if n is chosen large enough and then k is chosen large
enough, then z*xpz can be made arbitrarily close to a finite linear combination of
elements from ©.

Considering the above analyses for z*z12z and z*zpz at the same time, we can
choose n large enough and then k large enough so that z*xz is arbitrarily close to
a finite linear combination of elements from O. O

Proposition 3.2. Let A and B be unital C*—algebras with states ¢ and ¢p, re-
spectively, whose GNS representations are faithful. Let

(217 ¢) = (A7 (bA) * (Bv (bB)
Suppose the centralizer of ¢4 has a unital, diffuse abelian subalgebra and B # C.

Then for every x € A and € > 0 there are n € N and unitaries z1, ...,z € A such
that
(13) ||¢(z 1——szzr||<e

Consequently, A is simple. Moreover, zf both ¢4 and ¢p are traces then ¢ is the
unique tracial state on A. If one or both of ¢4 and ¢p is not a trace then A has
no tracial states.

Proof. To prove the existence of z. such that (13) holds, we may without loss of
generality assume that = =* and ¢(z) = 0, and we may replace = by a unitary
conjugate of itself. Let u be a Haar unitary in the centralizer of ¢4 Employing

Lemma 3.1, we may assume that = € span 0, (see (8)). Now we will find z,... , 25 €
N such that
5
1< 49
(14) I5 37wl < gglel

These will be found using the technique of [15]. With notation similar to (7), we
have

v = Zu_ljb At b1y by e
for [;,m; € N. Let K = max(szl{lj,mj}) +1. For1l <r <5, let 2z, =
u™K. Let M, be the closed subspace of L?(2, ¢) spanned by all words of the form
u”Fbiay ---bpa, with k € N, (r — 1)K <k <rK,n € NU{0}, by,...,b, € B°,
ai,...,an—1 € A° and a,, € A. Clearly p # g implies M, L M,. Since z;zz, is a
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finite sum of words whose left-most letter lies in {u=" | (r — 1)K < k < rK} and
whose right-most letter lies in {u* | (r — 1)K < k < rK}, we have

2rrz, (ME) C M,

Denote by E, the projection from L?(2,¢) onto 9M,. Given a unit vector & €
L2(2, ¢), there is some 1 < p < 5 for which ||E,¢||> < 1. Thus

5
1< 4 1.
33 e, 6] < Sl + £ l(z5az6. )
r=1
and since (1 — Ep)zyx2,(1 — Ep) = 0 we have

2
[(zpa2pg, €)| = (2w 2pEpt, )] + [(zpw2p (1 — Ep)&, Ep)| < 2|Jz|| [ EpS|| < EHSEH-

Hence

|@ifmfm< 2 2 el < 21
e R RV 50

This implies (14).

To finish the proof of (13), note that the element & Ei:l zyxz, obtained above
is again in span ©. Hence, by repeating this process as many times as necessary,
for any € > 0 there are n € N and 21,... , 2, € u™ such that || 3" | zrwz,|| <e

Now the remaining facts follow by standard arguments of [15] and [2]. Indeed,
suppose Z is a nonzero, two—sided, closed ideal of 2. Let a € Z\{0}. Since the
GNS representation of 2 associated to ¢ is faithful, there must be b € 2 such that
d(b*a*ab) # 0. Then from (13), it follows that ¢(b*a*ab)l € Z; hence T = 2 and
consequently 2 is simple.

The property described at (13) implies that any tracial state on 2 must be equal
to ¢. If both ¢4 and ¢p are traces, then the free product state ¢ is also a trace,
and is thus the unique tracial state. If one of ¢ 4 and ¢p is not a trace, then neither
is ¢ a trace; hence 2 has no tracial states. O

Lemma 3.3. Let (U, ¢) be as in Proposition 3.2. Let v € A and let € > 0. Then
there are unitaries z1, z2 € A such that ||z1x20 — 2'|| < € for some ' € span©, with
O as in (8).

Proof. Let u € A be a Haar unitary in the cetralizer of ¢4 and let v € B a unitary
such that 0 < ¢p(v) < 1. By Lemma 3.1 there is a unitary z € 2 such that
(15) l2"wz — ($(2)1 + 2")[| < /2,

where 2" € span©®. Writing v = ¢gl + ¢1y as in the proof of Lemma 3.1, we see
that (u*v)PuP differs in norm by no more that ¢f from an element of span©. We
similarly see that (u*v)Pz” € span®©. Let p be so large that ¢f < €/(2 + 2|¢(z)]).
Let z; = (u*v)Pz* and z3 = zuP. Then from (15) we have

l|z1222 — (@(2)(u v)PuP + (u*v)Pz"uP)|| < €/2,
and from the above discussion there is 2’ € span © such that
l|p(z) (u*v)PuP + (u*v)Pz"u? — 2'|| < €/2.
Hence ||z1222 — 2'|| < e. O

The proof of the following proposition uses ideas from [9].
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Proposition 3.4. Let A and B be unital C*—algebras with faithful, tracial states
T4 and Tp, respectively. Let

(9[37—) = (AaTA) * (BvTB)'
Suppose A has a unital, diffuse abelian subalgebra and B # C. Then 2 has stable

rank 1, i.e. the set of invertible elements of A is dense in 2A.

Proof. Suppose for contradiction that the set of invertibles in 2, denoted GL(2l), is
not dense. Then, by [18, 2.6], there is x € 2 such that ||z|| = 1 and dist(z, GL(2)) =
1. We must have ||z|]2 < 1, since ||z|]2 = 1 would imply that x is unitary. Let
€ =1 —||z||]2- Let u be a Haar unitary in A and let v € B be a unitary such that
0 < 75(v) < 1. By Lemma 3.3 there are n € N and unitaries z1, z2 € 2 such that
||z1222 — 2'|| < €/8 for some &’ € span ¥,,, where

U, = {u'bias - bp_1ap_1bpu™ | k,l,m € N, I,m < n, b; € B a; € A°}.

Let p be so large that ¢ < €/(8(||z|| +¢€)). By writing v = ¢p1 + ¢1y as in the proof
of Lemma 3.1, we see that

[|(u™)Pu"a" — 2"|| < €/8
for some 2" € span¥,, ,,, where
U, = {u™bras - bp_rap_1bpu™ | k,I,m € N, I <p, m < n, bj € B°, a; € A°}.
Forge Nlet E;: A — A be

atnp .
Eq(a) = Z w(a, (u’)"),
J=q+1
where we denote the defining embedding A < L?(A,74) by a + a.
Since limj_o (@, (u/)") = 0, we have lim,_ ||Eq(a)|| = 0 for every a € A.
Therefore, there is ¢, a positive multiple of n, such that ||2®) —z"|| < ¢/8 for some

z®) in span W), g Where
\Ilimw = {u™bray - bp_1ap_1bpu™ | k,l,m € N, 1 < p, m < n,

bj S BO, a; € AO,Eq(CLj) = 0}

Let X4 be a standard orthonormal basis (see [9, §2]) for (A4, 74) containing {u, u?,
u,...,ud™} and let Xp be a standard orthonormal basis for (B,7p). Let Y =
X 4% Xp be the resulting free product standard orthonormal basis for (2, 7). (Note
that, by definition, Y'\{1} is the set of all reduced words in X4\{1} and Xp\{1}.)
Then there is () € spanV,, such that |[u?z®) —2®|| < ¢/8, where Y, is the
subset of Y defined by

Yy pg = {“q+nlblal cbporag—1bpu™ | I,m,k € N L <p, m <n,b; € Xp\{1},

a; € Xa\{1,ud%t uat2 7u‘”"”}}.

Now we see that, since no cancellation occurs when we multiply elements of Y,/
(but only “u on u contact”), whenever wy, ... ,wy, €Y, , we have

»Pq

[[wiws - w2 = [[wi]|2]|wal|2 - - - [[wm]|2.
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Moreover, if wiwsy - wm = wiwy - - -wy, for any m € N and wj,wj; € Yy , ., then
/

wy = wi, wh = wa, ..., W, = Wpy. The reason for this is that when we take
the reduced word of wiws ... wm, a letter u® for ¢ < k < ¢+ np appears at every

boundary where w; touches w1 (1 < j < m — 1), and nowhere else, and writing

u? = udT! for 1,7 € N and r < n, we see that u” must have been the last letter

in w; and wdt must have been the first letter in Wj4+1, S0 we can recover the list of
letters, wy,wy, . .. , Wy, from their product. Thus we see that ||(z*))™||y = ||z |3
for every m € N, and (see [9, 3.2]) K ((z)™) = K(z™®). Now we argue as in the
proof of [9, 3.8] to show that the spectral radius of z(*), denoted r(z®*)), is no
greater than ||z(?|]. Indeed, let ¢ be the largest block length of the words in the
support of (), so that, in the notation of [9, 2.2],

q
@ ¢ span U Y;.
j=1

Then, by [9, 3.5],
vmeN [z @)"] < 2mk +1)*2K ()l @7,
where K (z(¥) is a constant. Hence

r(@®) = limin || D)™™ < [}

Therefore dist(x™®), GL(A)) < ||z |]2. But ||z — u* (u"v)Pu"z1225|| < €/2, s0
dist(z, GL(A)) = dist(u* (u"v)Pu" 21222, GL(2))
< |2 — uF (umv)Pu" z 22| + || @]
< €/2+ ||z — uF (umv)Pul 21200 + | [uF (W0)PU 2 220 | |
<e+||z|]2 =1,
contradicting the choice of . O
Note that Propositions 3.2 and 3.4 combine to prove Theorem 2.
Proposition 3.5. Let 0 < a < 1, let A be a unital C*—algebra with state ¢ 4 whose
GNS representation is faithful, and let
p 1=p
@6)= (€ C)x(4,0a)
Suppose the centralizer of ¢4 has a unital, diffuse abelian subalgebra. Then the
centralizer of ¢|pap has a unital, diffuse abelian subalgebra.
Proof. Let u be a Haar unitary in the centralizer of ¢ 4, let ¢ = u*pu, and let B be
the C*—algebra generated by {1,p,q}. Then p and q are free, so
p 1-p q 1—q
(B7¢4B)::(EHEIEL)*(EH@IEL)
Case 1(3.5). o < 1/2. Then by Proposition 2.7 we have for some 0 < b < 1 that

(1=p)A(1=q)
B={f:]0,b] = M2(C) | f continuous and f(0) diagonal } & C ,

12«

pBp = C([0,b]) and ¢|,5, is given by an atomless measure on [0, b]. Thus pBp is a
diffuse abelian subalgebra of the centralizer of ¢|pAp.
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Case TI(3.5). o =1/2. This is just as in Case I, except now
B={f:[0,1] —» M3(C) | f continuous and f(0) and f(1) diagonal }.

Case I1,(3.5). (n € N). 1 —2-(1 < o <1—-2"" We argue by induction on
n. The case III; reduces to Cases I and II. Let n > 1. Then o > 1/2, and by
Proposition 2.7 there is some 0 < b < 1 such that

PAg

Bx{f:]0,b] - M2(C) | f continuous and f(0) diagonal } & 2C_1’

(p—pAq@)B(p—pAq) =C([0,0]),

and the restriction of ¢ to (p—pAq)B(p—pAq) is given by an atomless measure on
[0,0]. Hence it will suffice to find a diffuse abelian subalgebra of the centralizer of
?l(prg)a(prg)» Decause adding it to (p —p A q)B(p —p A q) will give a diffuse abelian
subalgebra of the centralizer of ¢|pay-

We claim that the family {p, ¢, u?} is *-free in (2, ¢). Indeed, it suffices to show
that every reduced word in p — ¢(p)1, ¢ — ¢(¢q)1 and nonzero powers of u? evaluates
to zero under ¢. However, rewriting each ¢ — ¢(q)1 as u*(p — ¢(p)1)u, we see that
each such word is equal to a word in p — ¢(p)1 and nonzero powers of u. From the
freeness of p and wu, it follows that this word evaluates to zero under ¢. Hence p A g
and u? are *-free.

Letting D be the C*—algebra generated by {p A ¢, u?}, we have

(D.6lp) = ([C ©C)« (C*(Z).72).

Since 200 — 1 < 1 — 2=~ by the inductive hypothesis there is a diffuse abelian
subalgebra of (p A q)D(p A q). As remarked above, this finishes the proof.

|

Corollary 3.6. Let A be a C*—algebra with state ¢ o whose GNS representation is
faithful, and let n € N, n > 2 and

p1 P2 Pn
(%,6) = (CCa -0 C)x(4,a),

Suppose the centralizer of ¢ has a unital, diffuse abelian subalgebra. Then the
centralizer of ¢ has a unital, diffuse abelian subalgebra containing {p1,p2,... ,Pn}-

Proof. For each j, using Proposition 3.5 and considering the subalgebra of 2 gen-
erated by A U {p;}, we see that the centralizer of ¢|, a,, has a diffuse abelian
subalgebra D;. Then Dy + Dy +---+ D, is the required diffuse abelian subalgebra
of the centralizer of ¢. O

4. FINITE DIMENSIONAL ABELIAN ALGEBRAS

In this section, we examine the reduced free product of (finitely many) finite
dimensional abelian C*~algebras. The methods used are reminiscent of [5].
Some words about notation are in order. The natural notation
P1 P2

Pn
(A,TA)=CaCa---aC
ay

a2 Qn
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for a finite dimensional abelian C*—algebra and a faithful state was explained just
before Theorem 1. Similarly, the notation

T0 Tk
A=2
PC
k
was explained after that theorem. Analogously, we will often write expressions like
p1 Pn
(16) @6)= (A& Co-- o C) + (B,0p)

This will mean that (2, ¢) = (A, ¢4) * (B, ¢p), where
A=4dCod---dC,
—_———

n times

where Ag is some C*—algebra, where

=00 --- 0001 HOB---BO0

k times n—k times

and where the state ¢4 satisfies ¢4 (pr) = ax. In the case of (16) we will always
assume that every ay, > 0, that >} oy, < 1, and that the GNS representation of the
restriction of ¢4 to Ag @ 0@ --- @0 is faithful. Usually, we will also desire that the
centralizer of the restriction of ¢4 to Ag @0 @ --- ® 0 have an abelian subalgebra
on which it is diffuse (see Definition 2.1) and whose unit is 1 0@ --- & 0. This
is conveniently expressed by writing “the centralizer of ¢|4, has a unital, diffuse
abelian subalgebra.”

Lemma 4.1. Let

P q1 q2
(le(b) = (AO @ 9) * (gj D g)v

where the centralizer of ¢|a, has a unital, diffuse abelian subalgebra. Take By > B2.
Then

Ao if a+ B <1,
o PAqL )
(17) A={ Ao ® +g3 . fa+f>1,a+ 6 <1,
a+f61—

ro PAq1 PAG2
Ao C @& C if a4 By > 1,
at+pB1—1  a+fB2—1
where the centralizer of Pla, has a unital, diffuse abelian subalgebra which contains
rop and a unital, diffuse abelian subalgebra which contains roqi, and where rop is
Sull in Ag.

If ¢|a, is a trace, then the stable rank of A is 1.

Ifa+ 01 #1 and a+ B2 # 1, then g is simple. If, in addition, ¢|a, is a trace,
then ¢(ro)~1d|a, is the unique tracial state on Ao and if ¢|a, is not a trace, then
Ao has no tracial states.

Whenever o+ 3; = 1 for i € {1,2}, there is a x—homomorphism m; : Ay — C
such that m;(rop) = 1 = m;(q;).

If a4+ 01 =1 and a+ B2 < 1, then q1 is full in Aoy and kermy is simple. If, in
addition, ¢|a, is a trace, then ¢(ro) ' Plkern, is the unique tracial state on kermy,
and if ¢|a, is not a trace, then ker m has no tracial states.
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Ifa+ (1 >1 and a+ B =1, then qo is full in Ay and ker my is simple. If, in
addition, ¢|a, is a trace, then ¢(r0)_1¢|ker r 18 the unique tracial state on ker s,
and if ¢|a, is not a trace, then ker mo has no tracial states.

Ifa+ 61 =1 and a+ P2 = 1 (which implies @« = B = %), then q1 1s full in
ker o and qo is full in ker w1 and (ker 71) N (ker wo) is simple. If, in addition, ¢|a,
is a trace, then ¢(r0)_1¢|ker mnkerm, 1S the unique tracial state on kerm; N ker mo
and if |, is not a trace, then ker mp Nkermy has no tracial states.

Proof. Let 21 be the C*—subalgebra of 2 generated by {1,p, ¢}, so

1-p p @ g2
(1, 9lon) = (€ B C)* (g ® g).

By Proposition 2.8, (1—p)2(1—p) is isomorphic to the free product of (1—p)2;(1—p)
and Ag. We use Proposition 2.7 to find ;. We will also use the fact that 2l is
generated by

(1=p)2A(1 —p) U1 —p)2ip U p2Lip.
Case 1(4.1). a > 1. Then

A= & e (Cllab) e My(C el
1= 0¢+52—1®( ([(l, ])® 2( )) 690#1-51—1’

so (1 —p)A(1 — p) 2 C([a,b]) x Ag is simple by Proposition 3.2. Thus
PAG2 PAGL
A~ C @ ((C([a,b])*Ao)(X)Mg(C)) ® C .
a+pB2—1 a+p1—1
Letting ro =1 —p A g1 — p A q2, we then have that

2y = @ = (C([a, b)) * Ao) © My(C)
is simple. If ¢| 4, is a trace, then (1—p)2A(1—p) has stable rank 1 by Proposition 3.4.
Thus also 2 has stable rank 1. Finally, 7o2l; is clearly in the centralizer of ¢. Hence
the centralizer of ¢|y, has a unital, diffuse abelian subalgebra which contains rop
and another which contains rgq; .

Case 11(4.1). =3y > 1. Then

PAqL

(18) Ay ={f:1]0,b] —» M5(C) | f continuous and f(0) diagonal } & C |

+8-1
=

t(1—t) 1—t

and central in 2 and, by Proposition 3.2, (1 — p)(1 — p) = C([0,b]) * Ag is simple.

Consider the central projection rg = 1—pAgq1, and let Ay = 7oA. Because ro%; is in

the centralizer of ¢, the centralizer of ¢|y, has a unital, diffuse abelian subalgebra

:rlel — C be

with p=(39)® 1 and ¢ = @ 1. Moreover, p A ¢; is minimal

which contains rgp and and another which contains rgq;. Let WI(}A)%
the *—homomorphism defined, in the notation of (18), by

T, (f) = the (1,1)-entry of £(0),

(1) (1)

so that m,.,, (Top) = 1 = Tpx,, (q2). Clearly rq is also central in 2, and the linear

span of
ropip + (1 = p)A(1 — p) + (1 — p)A(1 — p)Asp
+pA1 (1 = p)2A(1 —p) + pAs (1 — p)A(L — p)2Asp
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is dense in Ag. Thus w(l)

g, €xtends to a x—homomorphism mpag, : Ao — C such
that

ker ), +(1 — P)A(L — p) + (1 — p)A(L — p)Asp
+p1(1 = p)A(1 — p) + pA1 (1 — p)A(1 — p)Asp

spans a dense subset of ker m,aq, .

We now show that kermpng, is simple. Since (1 — p)(1 — p) is simple, by
Proposition 2.6 it will suffice to show that (1 — p)2(1 — p) is full in ker myng,.
But clearly 1 — p is full in ker wé}\)qw and pA;(1 — p) C ker WZ(}A)%. Hence, by the
denseness of the span of (19) in kermyag,, there is no proper ideal of ker mpng,
containing (1 — p)A(1 — p).

Suppose ¢| 4, is a trace. Then (1—p)2(1—p) has stable rank 1 by Proposition 3.4.
Since 1 —p is full in ker mppq,, also ker myaq, has stable rank 1 by Proposition 2.5(i).
Then 2 has stable rank 1 by Proposition 2.4.

Finally, we show that ¢o is full in 2y. Suppose Z is an ideal of 2y containing ¢s.
Looking at the ideal of 2, generated by g2, we see that Z contains a nonzero element
of ker mpnq,, hence by simplicity contains all of ker mprq,. But g2 & kermpnag, and
o/ ker mpnq, is one-dimensional; hence 2y C 7.

(19)

Case 111(4.1). 1 > a > (2. Then

@A (1—p) q1 AP
W= C @(C([a,b])@Mg(C))EBBIJS_l,
and
q1A(1—p)
1-pA1-p) = (€ @C([ab))* A

is by Proposition 3.2 simple. Let 7o = 1 — ¢; Ap and Ay = rp%. Clearly 1 — p is
full in 7%y and thus is full in Ay. Hence 2y is simple. If D is a unital, diffuse
abelian subalgebra of the centralizer of ¢|a,, then D+ (p — g1 Ap)1(p — g1 Ap) is
a unital, diffuse abelian subalgebra of the centralizer of ¢|y, and contains rop. By
Proposition 3.5 and considering the C*—subalgebra of (1 — p)2((1 — p) generated by
{g1 AN (1 —p)} U A, we see that there is a unital, diffuse abelian subalgebra D of
the centralizer of ¢|(q1/\(1—p))91(q1/\(1—p))' Then

D+gpigg+(@a—a~NA-—p)—aAp)Ai(gi—qa A1 —p)—aq Ap)

is a unital, diffuse abelian subalgebra of the centralizer of ¢|g, and contains roq; .
If ¢| 4, is a trace, then by Proposition 3.4 (1 — p)(1 — p) has stable rank 1. So
by Proposition 2.5(i), 2 has stable rank 1. We know that
PAG1

A=Yy C |
a+p1—1

so 2 has stable rank 1.
Case IV(4.1). 1 > a = (3. Then
(1-p)Aq1

(20) 2A,= C @{f:[a,1] = M3(C) | f continuous and f(1) diagonal },

1—Q
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with0<a<1,p=0a(}]) and ¢ :1@( s V’fl(:”). Thus

1A (1-p)

1-pA1-p) = (€ @C(la1)) *Ag

Bl—a
1—a

is by Proposition 3.2 simple. Moreover, if D is a unital, diffuse abelian subalgebra
of the centralizer of ¢|4,, then D + p2(1p is a unital, diffuse abelian subalgebra of
the centralizer of ¢ and contains p. By Proposition 3.5 and considering the C*—
subalgebra of (1 — p)A(1 — p) generated by {¢1 A (1 —p)} U Ag, we see that there is
a unital, diffuse abelian subalgebra D of the centralizer of @4, a(1—p))2((qin(1-p))-
Then

D+ g1g2 + (1 —q1 A (1 = p))=&i(qr — 1 A (1 = p))
is a unital, diffuse abelian subalgebra of the centralizer of ¢ and contains ¢ .

Let ﬁ;):}\)ql : 2A; — C be the *~homomorphism defined, in the notation of (20), by

W;E):}\)ql (MA@ f) = the (1,1)-entry of f(1),

so that Wl(le)ql (p)=1= wz(,lA)ql (g1). Then the linear span of

pRup+ (1 —=p)A(1 —p) + (1 —p)A(1 — p)ip
+p1 (1 = p)2A(1 — p) + pAs (1 — p)A(1 — p)R/sp

is clearly dense in %A, so b

pag, €xtends to a x—homomorphism myag, : 2l — C such
that
ker iy, +(1 = p)A(1 = p) + (1= P)AL ~ p)ip

+pR1 (1 = p)A(1 — p) + pi (1 — p)A(1 — p)Aip

spans a dense subset of ker mpng, -

(21)

(1)

As in Case II, since 1 — p is full in ker,,(,,

follows that ker mpaq, is simple.

If ¢|a, is a trace then by Proposition 3.4, (1 — p)A(1 — p) has stable rank 1.
Since 1 —p is full in ker mpnq, , also ker myaq, has stable rank 1 by Proposition 2.5(i).
Thus by Proposition 2.4, 2 has stable rank 1.

Finally, we show that ¢; is full in 2. Suppose Z is an ideal of 2 containing ¢;.
Looking at the ideal of 2, generated by ¢;, we see that Z contains a nonzero element
of ker mpnq,, hence by simplicity contains all of ker mpaq,. But g1 & kermpng, and
Tpaq, 1S one-dimensional; hence 2 C 7.

and since (1 — p)A(1 — p) is simple, it

Case V(4.1). B2 > . Then

(1-p)Aqu (1-p)Aq2
A= C @(C([a,b])®M2(C))@ C
Br1—a Bo—a
and
(1-p)Aqu (1-p)Ag2
1-pA1-p=( C acC(athe C )«
G2 G2

is by Proposition 3.2 simple. Since 1 — p is full in %4, is follows that 2 is simple.
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Moreover, if D is a unital, diffuse abelian subalgebra of the centralizer of ¢ 4,,
then D+ p2l;p is a unital, diffuse abelian subalgebra of the centralizer of ¢ and con-
tains p. By Proposition 3.5 and considering the C*—subalgebra of (1—p)A(1—p) gen-
erated by {q1 A (1—p), g2 A (1—p)}UAg, we see that there is a unital, diffuse abelian
subalgebra D; and, respectively, Dy, of the centralizer of ¢|(q, A(1—p))2(q A(1—p)) @and,
respectively, of ¢|(q2/\(l—p))91(q2/\(l—p))' Then

Di+ (g —a AL =p)Ai(q1 —q1 A(1—p))
+ D2+ (g2 =2 A (1 —=p))2i(g2 — g2 A (1 = p))

is a unital, diffuse abelian subalgebra of the centralizer of ¢ and contains ¢ .

If ¢| 4, is a trace then by Proposition 3.4 (1 —p)2(1 —p) has stable rank 1. Hence
by Proposition 2.5(i) also 2 has stable rank 1.
Case VI(4.1). By = o = 3. Then
(22) A1 ={f:[0,1] —» M3(C) | f continuous, f(0), f(1) diagonal },
with p = (58), 0 = (e V0,

(1 —=p)A(1 —p) = C([0,1]) * Ag

is by Proposition 3.2 simple. Moreover, clearly 2; is in the centralizer of ¢ and has

unital, diffuse abelian subalgebras containing p and, respectively, ¢;. For ¢ € {1,2}
(1)

PAG;

) . Thus

let : 21 — C be the x~homomorphism defined, in the notation of (22), by

ey () = the (1,1)-entry of f(1) ifi=1,
phd: the (1,1)-entry of f(0) ifi =2,

so that 71'1(7}\)% (p)=1= wz(,lA)qi (¢;). Then the linear span of

pRup + (1= p)A(L —p) + (1 = p)A(L — p)/Asp
+p1(1 = p)2A(1 — p) + pAs (1 — p)A(1 — p)/sp

is clearly dense in 2, so Ty

prg; €xtends to a x—homomorphism mppg, : 2 — C such
that

ermy i, Oker mly, + (1= p)A(L = p) + (1= p)A(L — p)2p
+ P (1 = p)A(1 = p) +pRL (1 = p)2A(1 = p)Aip
spans a dense subset of ker m,nq, N ker mpng, -

As in Case II, since 1 — p is full in kerz(,lA)q1 ﬂkerz(,lA)q2 and since (1 — p)A(1 —p) is
simple, it follows that ker m,nq, Nker mpaq, is simple.

If ¢| 4, is a trace, then, by Proposition 3.4, (1—p)(1—p) has stable rank 1. Since
1 —pis full in ker mpprq, Nker mpng,, by Proposition 2.5(i) also ker mpag, Nker mpng,
has stable rank 1. Since 2/(kermprg, N kermpng,) is two—dimensional, it follows
from Proposition 2.4 that 2 has stable rank 1.

We show that ¢ is full in ker myaq,. Suppose 7 is an ideal of ker 4, containing
q1- Multiplying by elements of %[y, we see that Z contains a nonzero element of
ker mppq, , hence by simplicity contains all of ker maq, Nker Tpag,. But 1 & ker mppq,
and 7Tprg, is one-dimensional; hence kermprg, € Z. The proof that go is full in
ker mpaq, is the same.

We now examine the question of existence and uniqueness of tracial states on
the algebras delineated in the statement of the lemma. In all the cases above, it

(23)
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follows from Proposition 3.2 that (1 — p)2(1 — p) has tracial states if and only if
®|4, 1s a trace, and then the free product state gives the unique tracial state on
(1 — p)2A(1 — p). Moreover, the element 1 — p is full in the simple algebras under
consideration, i.e.

1 —pis full in YAy in Cases I, IIT and V,

1 —pis full in ker mppq, in Case II,

1 —pis full in kermpaq, in Case IV,

1 —pis full in ker mprq, Nker mpag, in Case VI.

It then follows from Proposition 2.5(ii) that in each of Cases I-VI, the corresponding
algebra has tracial states if and only if ¢|4, is a trace, and then the restriction of
#(r9) "¢ to this algebra is its unique tracial state. (In the non—unital Cases II, IV
and VI, one easily sees that the above normalization gives a state by looking at the
subalgebra r¢%2;.) O

Lemma 4.2. Let

P1 P2 q1 q2
(2.6) = (4 ©C & C) (Co ),

where the centralizer of ¢|a, has a unital, diffuse abelian subalgebra. Let
L= {(7’7]) | @ +ﬁj > 1}7

24 i
@4 Lo={(i4) | i + B = 1},
Then
ro PiNGj
A=A P WS

(i,4)€L+
where the centralizer of dla, has a unital, diffuse abelian subalgebra which contains
rop1 and a unital, diffuse abelian subalgebra which contains roq; .

If ¢|a, is a trace, then the stable rank of A is 1.

If Lo is empty, then U is simple. If, in addition, ¢|a, is a trace, then ¢(ro) " d|a,
is the unique tracial state on Ay, and if ¢|a, is not a trace, then Ay has no tracial
states.

If Lo is not empty, then for every (i,j) € Lo there is a x~homomorphism 7(; j :
o — C such that 7(; jy(rop:) = 1 = 7(; jy(roq;). Then

(i)

Q[QO d:ef ﬂ ker ﬂ-(i,j)
(i,5)€Lo

is simple. If ¢|a, is a trace then ¢(ro) 1d|a,, s the unique tracial state on
Aoo, and if §|a, is not a trace then Uoo has no tracial states.
(i) For each i € {1,2}, rop; is full in Ao N ﬂ ker (s ;).
(i',4)€Lo
i’ i
(ili) For each j € {1,2}, rog; is full in Ao N m ker 7(; jry.
(4,')€Lo
J'#3
Proof. We will assume that oy > ag and 81 > 2. To prove the lemma in its full
generality, we will now be careful to find a unital, diffuse abelian subalgebra of the
centralizer of ¢|g, containing {rop1,rop2}, not only rop1, and another containing
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{roq1,7m0q2}. Let 25 be the C*—subalgebra of 2 generated by Ay + C(p1 + p2)
together with {q1, g2}, i.e.

p1+
(25) (@,0la,) = (d0& € )+ (€ O).

We find 2 using Lemma 4.1. Then, by Proposition 2.8

P1 p2
(26) (P + p2)A(p1 +p2) = (1 + p2)2A1(p1 + p2) * ( c o C
Titaz  mtes

We consider three cases.

Case 1(4.2). a1 + az + 1 < 1. Then by Lemma 4.1, the centralizer of ¢|y, has a
unital, diffuse abelian subalgebra D which contains p; + p2, and p; + p2 is full in
;. Hence by Proposition 3.2 (p1 + p2)(p1 + p2) is simple. Also, p1 + po is full in
2, hence 2 is simple. If ¢4, is a trace then, by Proposition 3.4, (p1 + p2)A(p1 + p2)
has stable rank 1. Hence by Proposition 2.5(i) so does 2. The application of
Lemma 4.1 to (25) yields a unital, diffuse abelian subalgebra of the centralizer of ¢
which contains {q1,¢2}. Applying Corollary 3.6 to (26) shows that the centralizer
of | (p,+p2)2(p1+ps) has a unital, diffuse abelian subalgebra D" containing {p1, p2}.
Then (1 —p; —p2)D(1 —p1 —p2) + D’ is a unital, diffuse abelian subalgebra of the
centralizer of ¢ containing {p1, p2}.

Case 11(4.2). a1 +ag + 1 > 1 and a1 + as + B2 < 1. Note that this implies
Ly ={(1)] i+ B > 1},
LQ = {(Z,l) | (677 —|—61 = 1}

Applying Lemma 4.1 to (25) shows that

71,0 (p1+p2)Aa1
A1 =A@ ,
artaz+p1—1
where 11,0 = 1 — (p1 + p2) A q1, where the centralizer of ¢|g¢1y0 has a unital, diffuse
abelian subalgebra containing 71,0(p1 + p2) and where each of 71 o(p1 + p2) and ¢
is full in 24 o. Then

(p1+p1)Aq1
(p1 + p2)A1(p1 + p2) = (P1 + p2)A1,0(p1 + p2) © '
a1+a2++[3171

Q] Tag

So, from (26) and Lemma 4.1,

72,0 PiNq1
(p1 + p2)A(p1 +p2) = A20 @ @ aﬁ(grl,

(i,1)EL, —o1+a2

where
r2,0 =P1 + D2 — Z Di N q1-
(¢,1)eL4
Since 2 is generated by (p1 + p2)2A(p1 + p2) U Ay, we have

70 PiNg1

A=A @ C
0® . aitpr—1
(,1)eL4
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where the linear span of
(27)
A0+ Az,0U1,0(1 —p1 —p2) + (1 — p1 — p2)™A1,0%2,0
+ (1 = p1 = p2)A1,0%z,0%1,0(1 —p1 — p2) + (1 —p1 — p2)/1,0(1 — p1 — p2)

is dense in Ag. Thus 79 = ro o + (1 — p1 — p2). Now the centralizer of ¢l|a, , has
a unital, diffuse abelian subalgebra D which contains {rs op1,72,0p2}. Letting D’
be a unital, diffuse abelian subalgebra of the centralizer of ¢|4,, it follows that
D+ D' is a unital, diffuse abelian subalgebra of the centralizer of ¢|y, and contains
{rop1,rop2}-

Now let D be a unital, diffuse abelian subalgebra of the centralizer of ¢l ,
containing r2,0((p1 +p2) Aq1), and D’ be a unital, diffuse abelian subalgebra of the
centralizer of @lg, , containing {r1,0q¢1,q2}. Then r20((p1 +p2) Aq1)D + D" is a
unital, diffuse abelian subalgebra of the centralizer of ¢|g, and contains {g2, rog: }.

Since 71,0(p1 + p2) € Aa,0 and is full in 4 o, it follows that As o is full in Ag. If
Ly is empty then s ¢ is simple, hence (by Proposition 2.6) g is also simple.

Otherwise, if Ly is nonempty, for every (i,1) € Lo there is a *~homomorphism
wgi)l) : 239 — C such that wgi)l)(rg,gpi) =1= wgi)l)(rg,g((pl +p2)Aq1)). Using the
denseness of the span of (27) in g, we see that ng)l) extends to a *~homomorphism
(i) : Ao — C such that 7 1)(ropi) = 1 = 7(;,1)(r0q1) and the linear span of

kerwgi)l) + A2 02A1,0(1 — p1 — p2) + (1 — p1 — p2)A1,0%20

+ (1 —p1 — p2)2A1,0%2,021,0(1 —p1 — p2) + (1 — p1 — p2)/1,0(1 — p1 — p2)
is dense in ker ;1)
Let
m?,OO = 9[2)0 N ﬂ ker ng)l)
(4,1)ELg
From the application of Lemma 4.1, s o is simple. Since 2o contains
r1,0(p1 + p2), which is full in 2 o, it follows that s oo is full in Agg. Then (by
Proposition 2.6), g is simple.
Let ¢ € {1,2}. We now show that rop; is full in
(28) Ao N ﬂ ker (il 1)
(i",1)€Lo
i/ #i
Suppose Z is an ideal of the algebra in (28) containing rop;. Since ro o < r¢ and
(by Lemma 4.1) 73 op; is full in

(29) 9[270 n ﬂ ker 7751'2’)1)’
(i',1)€Lo
i i
7 must contain the algebra in (29). Hence, arguing as above, 23 o C Z. Thus

2[2)0 N ﬂ kerwgi)’l) + 9[2_’09[1_’0(1 —p1— pQ)
(i",1)€Lo
i i
+ (1 —p1 —p2)2A10™%2,0 + (1 — p1 — p2)A1,0%2,0A1,0(1 —p1 —p2) CZ,

proving that the algebra of (28) is contained in Z.
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Similarly, since r2.0((p1 +p2) Aq1) is full in Ay g, it follows that rogq is full in .

If ¢|a, is a trace, then from Lemma 4.1 we have that 2, and indeed Az has
stable rank 1. The fullness of s o in Ay implies (via Proposition 2.5(i)) that g
has stable rank 1, hence 2 has stable rank 1.

Finally, concerning existence and uniqueness of traces, from Lemma 4.1 we have
that 2 00 has a tracial state if and only if ¢| 4, is a trace, and then ¢(ra2,0) ™ @|a1, 40
is its unique tracial state. The same statement for Aoy then follows from fullness
of Az 00 in Agp and Proposition 2.5(ii). (One can easily check the normalization.)

Case 111(4.2). a1 +as+F2 > 1. Since [y < % we must have % < aitas. Letne N
be least such that a; +as < nL-l—l Thus n > 2. We will proceed by induction on n,
proving the case n = 2 and the inductive step simultaneously. Applying Lemma 4.1
to (25), we have

71,0 (p1+p2)Aq1 (p1+p2)Ag2

A =A10® C @ C ,
artaz+pf1—1 artaz+f2—1

where 71,0 = 1 — (p1 +p2) Aq1 — (p1 + p2) A g2, where the centralizer of ¢[q(, , has a
unital, diffuse abelian subalgebra containing r; o(p1 +p2) and where 2 o is simple.
Thus from (26),

(p1+p2)Aq1 (p1+p2)Ag2
(p1+p2)A(p1 + p2) = ((Pl +p2)%1,0(p1 + p2) © ol aﬁaﬁ@rl)
aqtag aqtag

Now since "T_l < a1 + asg, we have
041+042+61—1+a1+042+62—1_2_ 1 n—2
ol + as o1 + oo as+as n-—1

The inductive hypothesis (or, when n € {2,3}, the previously considered Case I or
Case II) applies, and we have, with L as in (24),

72,0 PiNG;
(p1+p2)A(p1 +p2) =p® P .S

(1,J)€L+ “at1Faz

where 790 = p1 +p2 — Z(i jeL, Pi A qj. We obtain that

0 PiNGj
A== C
0® @ a;i+3;—1

(i,7)€L+

and that the span of (27) is dense in g. So rg = r29 + (1 — p1 — p2). Letting
D be a unital, diffuse abelian subalgebra of the centralizer of ¢|a, , containing
{re.0p1,72,0p2}, and D’ a unital, diffuse abelian subalgebra of the centralizer of
®|4,, we see that D+ D’ is a unital, diffuse abelian subalgebra of the centralizer of
¢ and contains {rop1, ropz}.

Let D be a unital, diffuse abelian subalgebra of the centralizer of ¢|q(,, that
contains {((p1 + p2) A q1)72,0, ((p1 + D2) A q2)r2,0} and let D’ be a unital, diffuse
abelian subalgebra of the centralizer of ¢|a, , that contains {r1,0¢1,71,0g2}. Then

r2,0((p1 +p2) A q1)D + r2,0((p1 + p2) Ag2)D + D
is a unital, diffuse abelian subalgebra of the centralizer of ¢|g, and contains {roq,
70g2}-
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Since 71,0(p1 + p2) € ™Az,0 and is full in A4 o, it follows that As o is full in Ag. If
Ly, defined in (24), is empty, then s o is simple; hence (by Proposition 2.6) 2 is
also simple.

If Ly is nonempty, then for every (i,5) € Lo there is a *~homomorphism wgf)j) :

2y 0 — C such that ng)j) (roopi) =1= ng)j) (r2,0((p1 +p2) Agj)), and this extends
to a *~homomorphism (; ;) : %o — C such that 7(; ;)(rop;) = 1 = 7(; ;)(r0g;) and
the linear span of
ker wgf)]) + A2 0A1,0(1 — p1 — p2) + (1 — p1 — p2)A1,0%2,0
+ (1 —p1 — p2)%1,0%2,0A1,0(1 —p1 — p2) + (1 —p1 — p2)~1,0(1 — p1 — p2)
is dense in ker 7(; ;.
Let
Ql2700 = 2[2)0 n m ker ﬂ—ElQ,)J)
(i,)€Lo
From the application of Lemma 4.1, s o is simple. Since 23 o contains
Tl,O(pl + pQ), which is full in 2[1’0, it follows that 2[2)00 is full in 2[00. Then (by
Proposition 2.6), g is simple.
Let ¢ € {1,2}. We will now show that rop; is full in

(30) AN () kerma ).
(i/7j)€Lo
i/ #i
Suppose 7 is an ideal of the algebra in (30) which contains rop;. Since rq 9 < 79
and since 79 op; is full in

9[270 N ﬂ ker ng,{j),
(i",5)€Lo
i'#i
this algebra must be contained in Z. Then r o(p1 + p2) € Z. Since 24 o is simple,
it is then contained in Z. Hence

Ao 0N ﬂ kerwg?,{j) + Az 02A1,0(1 — p1 — p2)
(i',5)€Lo
i i
+ (1= p1 = p2)@A1,0™2,0 + (1 — p1 — p2)A1 0™A2,0%1,0(1 —p1 —p2) C T,
proving that the algebra of (30) is contained in Z.
Let j € {1,2}. We now show that ryg; is full in

(31) 2[() n ﬂ kerw(m/).
(i,3")€Lo
J'#i
Suppose Z is an ideal of the algebra in (31) which contains rg;. Since 729 < 79
and since 73 og; is full in
2[2)0 n ﬂ kel”ﬂ'((i)j,),
(i,5')€Lo
J'#i
this algebra must be contained in Z. Then r1 o(p1 + p2) € Z, which as before shows
that the algebra (31) is contained in Z.



24 KENNETH J. DYKEMA
The required results about the stable rank of 2l and the existence and uniqueness

of traces on gy follow from the inductive hypothesis because (in the simple case)
Az is full in Ay or (more generally) Az oo is full in Agg. O

Lemma 4.3. Let n € N, n > 3 and let

P1 Pn Qg
@,6)= (Ca-- & C)«(Ca ).
[e3] Qp, 61 62
Let
(32) Ly ={(,4) | i + 55 > 1},
Lo ={(i,j) | i + B; = 1}.
Then
ro PiNGj
A=A P WS

(4,J)€L+

where the centralizer of dla, has a unital, diffuse abelian subalgebra which contains
rop1 and a unital, diffuse abelian subalgebra which contains roq; .

Then the stable rank of U is 1.

If Lo is empty, then g is simple and ¢(ro) " ¢|a, is the unique tracial state on
Ao.

If Lo is not empty, then for every (i, j) € Lo there is a x~homomorphism m; jy :
Ao — C such that 7(; jy(rop:) = 1 = 7(; jy(roq;). Then:

(i)
de
2[()0 Zf ﬂ ker 7T(i7j)
(i,5)€Lo

is simple and ¢(ro) "1 P|ay, is the unique tracial state on .
(i) For each i€ {1,2,... ,n}, rop; is full in

(33) A N m ker (it 5)
(i,5)€Lo
i/ #i

(i) For each j € {1,2}, rog; is full in

(34) AN () kerm.
(i,5")€Lo
i'#i
Proof. We proceed by induction on n, proving the initial step n = 3 and the
inductive step simultaneously. Let 2; be the C*—subalgebra of 2 generated by
(C(p1 +p2) + Cps + -+ Cpp) U(Cqr + Cga). Thus

P1+p2 P3 Pn q1 q2
(A1, ¢la,) 2 ( C ®@C@---®C)x*(CahC).

altaz as Qp B1 B2
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By the inductive hypothesis when n > 3 or by Proposition 2.7 when n = 3, letting
(35)

Le =@ out B> 1}, Lo={(i.3) | o + 6 = 1},
Lg-l) ={(,7) |1 >3, ;i + 35 > 1}, Lél) ={(i,§) |i>3, oy + B = 1},
Ly ={jlai+ax+p; > 1}, Lo={jlo1n+az+ 3 =1},

L = LALY, L — L\L

we have
r1,0 p1+p2)Aq] Ping;
A=Ay oD EB a1 @ ) LS
JeLy (i,5)eLV

and there is a unital, diffuse abelian subalgebra of the centralizer of ¢|y, , contain-
ing r1,0(p1 + p2). By Proposition 2.8, (p1 + p2)A(p1 + p2) is freely generated by
(p1+ p2)21(p1 + p2) and (Cp1 + Cpy), so

(p1 + p2)A(p1 + p2)

(p1+p2)Ag; p1 P2
= | (p1+p2)A10(p1 +p2) ® @ C * C o C .

. ajtag+pB;—1 1 @2
jEL, ~arFas — mter  mter

Noting that |L/ | < 2, we may use Lemma 4.2, Lemma 4.1 or results from §3 to
show that

72,0 pz/\‘b

(p1 + p2)2A(p1 + p2) = Ao o @ @ R
(1,3)6[,(2) 047.4‘5]_
Hence
36 Q[ Ql p7/\‘h
(36) 0® @ o +B]—1
(Z)])EL+

where rg = 72,0 +r1,0(1 —p1 — p2) and the linear span of the set in (27) is dense in
Ag.

The inductive hypothesis (or Proposition 2.7) yields for every (i,j) € L((Jl) a
*—~homomorphism ﬂ'El ) : 210 — C such that 7TE ) (riopi) = 1= ﬂgzl)J)(rl 0g;)-
Moreover, for every (i,j) € LE)) we have a *— homomorphlsm 7T i, ) : Uz — C
such that wgf)ﬁ (roopi) =1 = ng,)j) (r2,0q5). Looking at (27), one easily sees that
each of these *—homomorphisms can be uniquely extended to a *—homomorphism
T(i,5) Ay — C so that ﬂ(i)j)(Topi) =1= T(i,5) (’I“Oqj).

Let

911)00 = 2[1)0 N ﬂ ker ﬂ-gil,)j)’
(i.g)eLd”

2[2)00 = 2[2)0 N ﬂ ker ng)ﬁ
(id)eLs”
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Since 71,0(p1 + p2) € A1,00 N A2,00, We see from the denseness of the span of (27) in
2o that the linear span of
(37)
a0 + A2,002%1,00(1 — p1 — p2) + (1 — p1 — p2)2A1 002,00
+ (1 = p1 — p2)RA1,002A2,00%1,00(1 —p1 — p2) + (1 — p1 — p2)/1,0(1 — p1 — p2)

is dense in %o, and hence the linear span of

22,00 + A2,002A1,00(1 — p1 — p2) + (1 — p1 — p2)A1,00%2,00

+ (1 —p1 — p2)21,00%2,002%1,00(1 — p1 — p2) + (1 — p1 — p2)A1,00(1 — p1 — p2)
is dense in Q[O(). Note that 7"1,0(]31 +p2) is full in 2[1)00. Since T1,0 (p1 —|—p2) S 9[2700, this
implies that 25 oo is full in Agg. Since Ay o is simple, it follows from Proposition 2.6

that oo is simple. (This also shows that 2 is simple when Ly = (.)
Let us now prove part (ii). If ¢ € {1,2} then the linear span of

(912,0 n N kerg,))j) ) + A2,0021,00(1 —p1 — p2) + (1 = p1 — p2)21,0022,00
(i )L
i’ i
+(1 = p1 — p2)2i1,002A2,0021,00(1 —p1 —p2) + (1 = p1 — p2)A1,00(1 — p1 — p2)

is dense in (33). But 75 op; is full in

Q[z,o n ﬂ kergf,)ﬂj) .

(@".g)ers’
i/ #i

Since this latter algebra contains 71 o(p1 + p2), which is full in 4 oo, it then follows
that rop; is full in the algebra (33). Now take ¢ € {3,4,...,n}. For j € L let
é?j) : 21 0 — C be the *-homomorphism such that Fg(l)?j) (p1+p2)=1= Fg(l)?j) (g5)-
We have that r1 op; is full in

A1 0N ﬂ ker Fg(l)?j) N ﬂ ker wgil,{j),

J€Lg (i'.)eLs”
i’ £

which in turn contains (1 — p; — p2)1,0(p1 + p2) and
(1 — D1 —p2) <Q[1_]0ﬂ ﬂ kerﬂ'gil,{j))(l — D1 —p2).

(i',j)eLs”
i/ #i

(
(

But (p1 + pg)(ﬂje% ker Wfé)j))(pl + p2) meets As oo, which is simple. Hence any
ideal of the algebra (34) which contains rop; must also contain
2,00 + A2,0021,00(1 — p1 — p2) + (1 — p1 — p2)2A1,00%2,00
+ (1 = p1 — p2)@1,0022,00%1,00(1 — p1 — p2)
+(1—p —P2)<Ql1,o n N kerﬁgzj)) (I —=p1—p2),

(' §)eLsV
i i

which is dense in the algebra (34). This shows that rop; is full in (34).
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We now prove part (iii). We have that ry og; is full in

1 1
(38) A0N ﬂ ker Wgo?j/) N ﬂ ker w§i7)J,/),
7€Lo (i-d")ELEY
i'#i i'#i

which in turn contains (1 — p; — p2)1,0(p1 + p2) and

(I—=p —P2)<Ql1,o n N kerﬂgz-l))jl)) (I —p1 —p2).
(i, )eLd?
J'#3
If 3¢ such that (i,j) € LE)Q) then a1 + a2 + 8; > 1, so (p1 +p2) Ag; # 0 and
r2.0((p1 + p2) A gj) is full in

ﬂ 2
(39) 9[270 n ker ﬂ-gi,)j’)'
(4,7 )eL?
3'#i

Hence any ideal of the algebra (34) that contains rog; must contain

(5212,0 n N kergi)jl) ) + A2,0021,00(1 —p1 — p2) + (1 = p1 — p2)21,0022,00
(' )eL(”
J'#j
+ (1 = p1 = p2)A1,00%2,00%1,00(1 — p1 — p2)

+ (1 —p1—p2) (le n N kerg,)j,) > (1 —=p1—p2),
(i.5')€ LG
J'#3
whose span is dense in (34). On the other hand, if there is no ¢ such that (i, j) € L62)
then the algebra (39) is 203,00, which is simple. By a dimension argument, the
algebra (38) meets Az 9. Hence any ideal of the algebra (34) that contains ryg;
must contain

s 00 + A2,002A1,00(1 — p1 — p2) + (1 — p1 — p2)A1,00%2,00
+ (1 —p1 — p2)2A1,002,00%1,00(1 — p1 — p2)
+ (1 =p1—p2) <9l1.,0 N ﬂ kergi)j/) ) (1 —p1 —p2),
(i, )eLsy
J'#5

whose span is dense in (34). Thus rog; is full in (34).
The required results about stable rank and uniqueness of the trace follow as in
previous lemmas from the fact that s oo is full in Ago. O

Lemma 4.4. Let n € NU{0} and let
q1 g2

P1 Pn
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where the centralizer of ¢|a, has a unital, diffuse abelian subalgebra. Let L, and
Lo be as in (32). Then

70 PiNGj
40 =% C
(40) A 0 & @ ai+f—1
(i,5)€L+

where the centralizer of Pla, has a unital, diffuse abelian subalgebra which contains
rop1 and a unital, diffuse abelian subalgebra which contains roq; .

If ¢|a, is a trace then the stable rank of A is 1.

If Lo is empty then g is simple. If, in addition, ¢|a, is a trace then ¢(ro) ™ |a,
is the unique tracial state on Ao, and if P|a, is not a trace then Ay has no tracial
states.

If Lo is not empty, then for every (i, j) € Lo there is a x~homomorphism m; jy :
Ao — C such that 7(; jy(rop:) = 1 = 7(; jy(roq;). Then:

(i)

def
2[()0 :e ﬂ kerw(m)
(4,5)€ Lo
is simple. If ¢|a, is a trace then ¢(ro) 'd|a,, s the unique tracial state on

Ao, and if dla, is not a trace then Wgo has no tracial states.
(ii) For each i € {1,2,... ,n}, rop; is full in

(41) 2[() N m ker (it ,5)-

(i’,5)€ Lo
i/ #i

(ili) For each j € {1,2}, rog; is full in
(42) 2[() N m ker T(i,5')-
(4,')€Lo
J'#3
Proof. The cases n = 0,1,2 have been already proved. Let pg =1 — ) | p; and let

21 be the C*—subalgebra of 2 generated by (Cpg+ Cp1 +-- -+ Cpyp,) U(Cq1 + Cg2),
so that

Po P1 DPn q1 q2
(A1, ¢lay) = (CHCB---® C)*(Ca C).
@ @ an B B2

Let
LSE) =1{(0,7) | a0 + B; > 1},

LY ={(0,4) | oo + B =1}.
We use Lemma 4.3 to find that

71,0 PiNGj

n-the @ ¢

(ij)eLyur?
Then by Proposition 2.8, poRd1pg and Ay freely generate po2Apg. Hence by Propo-
sition 3.2, poRApo is simple. So (40) holds, where ro = pg + (1 — po)r1,0 and where
the linear span of
Po2Upo + poRApoRA1,0(1 — po) + (1 — po)21,0p0Apo

43
(43) + (1 = po)RA1,0p0ApoA1,0(1 — po) + (1 — po)2A1,0(1 — po)
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is dense in 2y. The application of Lemma 4.3 gives for each (i,5) € Lo U L((JO) a

s—homomorphism 71'8)],) : 2 9 — C such that Wgzl)J) (riopi)=1= Wgzl)J) (r1,045), and
then ry opo is full in

1
(44) Ay oN ﬂ keI”ngifj).
(i,5)€Lo

For each (i,j) € Ly, ﬂgll)J) extends to a *—homomorphism 7(; ;) : % — C whose

kernel is densely spanned by
PoApo + poRApoRA1,0(1 — po) + (1 — po)R1,0p0Apo
+ (1 = po)2A1,0poApo1,0(1 — po) + (1 —po)(kefﬂg))j))(l = Do)-

Since the algebra (44) contains both (1 —po) (21,0 Vi jyer, ker wgzl)J) (1—po)) and
(1 — po)21,0po, from the denseness of (44) in Ay we see that pg is full in Agg. Since
popo is simple, by Proposition 2.6 this implies that 2o is simple (hence when Lg
is empty, g is simple).

From the facts, for (i,7) € Lo, that ri gp; is full in

A1 oN ﬂ ker wgé,)j) N ﬂ ker ngl/),j)a
(0,9)e Ly (i".4)€Lo
i’ i
which by a dimension argument contains a nonzero element of po2(; gpo, and that
every positive element of ppRpp is full in Agg, we obtain that rop; is full in (41),
proving (ii).
Because r1,0g; is full in
A1 0N ﬂ ker Fg(l)?j) N ﬂ ker ng.l,)j,),
(0,5)eL® (i-3")€Lo
i 3'#i
which meets po1,0po, we similarly obtain that rog; is full in (41), proving (iii).

If ¢|a, is a trace then, by Propositions 3.2 and 3.4, poRpo has unique tracial
state and stable rank 1. Since poRApo is full in Ayg, by Proposition 2.5 the same
hold for 2oy (which is just Ao when Lg is empty), and ¢(r) 1|, is then seen to
be the unique tracial state.

If ¢|4, is not a trace, then by Proposition 3.2, poRpo has no tracial state, so
neither does %Apo have a tracial state. O

The following proposition proves Theorem 1.

Proposition 4.5. Let

P1 DPn q1 qm

where n > 2 and m > 3.
Then the stable rank of A is 1.
Let

Ly ={(,5) | ai + 55 > 1},
Lo ={(i,) | ei + B; = 1}.
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Then
r PiNq
A=We P C
o aj+6;—1
(i,5)€L+

where the centralizer of ¢|u, has a unital, diffuse abelian subalgebra containing rop; .

If Lo is empty then g is simple and nonunital, and ¢(ro) 1 ¢|a, is the unique
tracial state on 2.

If Lo is not empty, then for every (i,j) € Lo there is a x~homomorphism 7; jy :
o — C such that 7(; jy(ropi) = 1 = 7(; 5)(roq;). Then:

(i)

2[()0 dZEf ﬂ ker 7T(i7j)
(4,5)€Lo
is simple and nonunital, and ¢(ro)~1P|a, is the unique tracial state on go.
(ii) For each i € {1,2,... ,n}, rop; is full in Ao N ﬂ ker (s ;).
(i",5)€Lo
i’
Proof. We proceed by induction on min(n,m). If min(n,m) = 2 then Lemma 4.3
applies to prove the desired results. If min(n,m) > 3, take n < m and let 2(; be the
C*—subalgebra of 2 generated by (C(p1 +p2) +Cpz+---Cpp)U(Cqi+- - -+ Cqgm).
Thus
p1+p2 p3 Dn L4} qm
A1,¢l2,)2( C @Ca---®C)x(Ca---® C).
artas  as an B1 Bm

By the inductive hypothesis, letting L., Lo, Lgrl), Lél), L', L, Lf) and LE)Q) be
as in (35), we have

71,0 (p1+p2)Agj DPiAg;

A = 0@ C ® c
! 1o @ artaz+G;—1 @ a;+B;—1
JeLy (i,5)eL

and there is a unital, diffuse abelian subalgebra of the centralizer of ¢|y, , contain-

ing r1,0(p1 + p2). By Proposition 2.8, (p1 + p2)A(p1 + p2) is freely generated by
(p1 + p2)A1(p1 + p2) and (Cp1 + Cpa), so

(p1 + p2)A(p1 + p2)

(p1+p2)Ag; p1 P2
= | (p1+p2)%10(p1 +p2) @ @ C x| C & C |.

) ajtag+pB;—1
JEL, aytaz

Applying Lemma 4.4 yields

72,0 PiNGj

A = Cc .
(p1 + p2)A(p1 + p2) 2,0 ® @ w1
(i.j)eL
Hence
T PiNG;
Q[ == Q[OO @ @ C I
. a;i+3;—1
(4,J)€L+

where rg = 72,0 +r1,0(1 —p1 — p2) and the linear span of the set in (27) is dense in
Ao.
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Now the proof of this proposition follows verbatim the proof of Lemma 4.3 after
equation (36), except we must also show that when Ly is nonempty then 2y is
nonunital. Suppose for contradiction that 2Apy is unital with identity e. Then
e # 1o, but ex = exe = xe for every x € 2y. Thus e is in the center of 2. But
by the results of [5], the strong—operator closure of 2 (in the GNS representation
associated to ¢|y,) is a II;—factor. This gives a contradiction, because e must be
in the center of this von Neumann algebra. O

Remark 4.6. By the same proof, one shows that for every nonempty subset F' of
Ly, the ideal ﬂ(m‘)eF ker 7(; jy of 2y is nonunital.

The following lemma can be proved from Proposition 4.5 using Proposition 2.8
in the same way that Lemma 4.4 was proved from Lemma 4.3.

Lemma 4.7. Let
p1 P q1 am
(46) @)= (Mele ol)xCa el
[e5) [e7%% 1 m
where the centralizer ¢|a, has a unital, diffuse abelian subalgebra and where n > 1,
m > 2. Or, let

p1 Pn q1 qm
(47) (ﬂ,¢)=(Ao@g@~-~@§)*(Bo@g@-~-@g),

where the centralizer of each of |4, and d|p, has a unital, diffuse abelian subalgebra
and where n > 1, m > 1.

Then
T Pi/NGj
o a;+p;—1
(4,5)€L+

where the centralizer of ¢|y, has a unital, diffuse abelian subalgebra containing rop;
and another containing roq; -

If Ly is empty then Ao is simple.

If Lo is not empty, then for every (i,j) € Lo there is a x~homomorphism 7(; j :
o — C such that 7(; jy(ropi) = 1 = 7(; 5y (roq;). Then:

(i)

d
2[()0 ZEf ﬂ kerw(m)
(4,5)€ Lo

is simple and nonunital, and ¢(ro) " P|a,, is the unique tracial state on go.
(ii) For eachi € {1,2,... ,n}, rop; is full in Ao N ﬂ ker (s ;).
(i',j)€Lo
i’ i
(ili) For each j € {1,2,... ,m}, rop; is full in Ao N ﬂ ker 7(; jr.
(4,3")€Lo
i'#3
Moreover, if ¢pa, is a trace (and if, in the case of (47), |, s a trace), then A
has stable rank 1 and ¢(ro)~1¢ is the unique tracial state on Ao when Lo is empty
or ™Aoo when Lg is nonempty. Otherwise, ™Ay, respectively ™Aoo, has no tracial state.

As promised in §1, a result similar to 4.5 holds for free products of more than
two finite dimensional abelian C*—algebras.
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Theorem 4.8. Let N € N, N > 3, and for each v € {1,... ,N} take a finite
dimensional abelian C*—algebra and faithful tracial state,

P.,1 P2 Pun(e)
(48) A,,)=CaoCo---® C,
Q1 @2 Ay n(e)

where n(t) € N, n(t) > 2. Let

and let )
N
L= {(](L))i\il Z(l - aL,j(L)) < 1} )
(49) o
LO - {(](L))i\il Z(l - aL,j(L)) = 1}
Then

A=Ay @ EBE]J

) 5y
j€Ly

where for j = (j(1))Nq € Ly, v =1— Ef;l(l —a, ) and rj = /\f;l Do j()- For
each 1 <1t < N and each 1 < k < n(¢), Ao has a unital, diffuse abelian subalgebra
which contains rop, . Moreover, 2 has stable rank 1.

If Lo is empty, then g is simple and ¢(ro) " ¢|a, is the unique tracial state on
Ao.

If Lo is nonempty, then for every j = (§(1)), € Lo there is a x—homomorphism
7 Ao — C such that V1 < < N 7;(p, j)) = 1. Then:

(i)

9[00 d:ef m ker7rj
J€Lo
is simple and nonunital, and ¢(ro)~1P|a, is the unique tracial state on go.
(i1) For each 1 <1t < N and each 1 < k < n(v), rop,.r s full in

Ao N ﬂ ker 7;.

Jj€Lo

J()#k
Proof. The proof is by induction on N, and the case N = 3 and the inductive
step are proved simultaneously. Let 2Ax_; be the C*—subalgebra of 2 generated
by Uf\;_ll A,. Use the inductive hypothesis (or, when N = 3, Proposition 4.5 or
Proposition 2.7) to find that

N-1

(Q[N—laT|QlN71) = L>:I<1 (AHTL)'

Then

(A, 7) = (AN—1,T|2ty_1) * (AN, TN),

and one uses Lemma 4.7 to find 2. O
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One can generalize this to the free product of finitely many (say N) algebras of
the form Ag®C @ --- P C, either, as Theorem 4.8 was proved, by using Lemma 4.7
and induction on N, or, as Lemma 4.4 was proved, by applying Theorem 4.8 and
Lemma 3.2. One obtains the following result.

Theorem 4.9. Let N € N, N > 3, and for each v € {1,... ,N} let (A,,¢,) be
either a finite dimensional abelian algebra with a faithful state as in (48) or

Pl P2 Pun()
(50) (AL7¢L):AL,O® cCeCo--- C,
Q1 a2 QA in()

where n(v) € N, n(1) > 1, and where the centralizer of ¢,]a, , has a unital, diffuse
abelian subalgebra. Let

¥z

&A,7)= T (4,,71.)

=1
and let Ly and Lg be as in (49). Then

where for j = (](L))Z\]:l €Ly, v =1- Zf\il(l - aL,j(L)) and r; = /\filpL,j(L)' If
each ¢,|4, , is a trace then A has stable rank 1.

If Ly is empty then Ay is simple, and if each ¢,
is the unique tracial state on Ay. If some ¢,
tracial states.

If Lo is nonempty, then for every j = (§(1))., € Lo there is a x—homomorphism
7 Ao — C such that V1 < < N 7;(p, j)) = 1. Then

A, U8 a trace then é(ro) " Ld|a,
A, 8 not a trace then Ao has no

9[00 d:ef ﬂ ker7rj

J€Lo
is simple and nonunital, and if each ¢,|a,, is a trace then ¢(ro) *¢la,, is the

unique tracial state on Agg. If some ¢.|a, , is not a trace then ™Aoo has no tracial
states.

Restricting the above proposition to the case when each A, ( is abelian, we obtain
the following result about the free product of finitely many abelian C*-algebras.

Corollary 4.10. Let N € N, N > 2, and for each 1 <1t < N consider the abelian
C*—algebra and state (C(X,), [ -dw.), where p, is a reqular Borel probability measure
on X, whose support is all of X, and having at most finitely many atoms, each of
which is an isolated point of X,. Let

I %=

(A7) = (C(X.), f “dp,).

L=
Let
N

r, € X, (1 —pm({z.}) < 1}1

=1

Ly = {x = (%)f\il

N

z, € X, (1= pm({z.}) = 1}-

=1

Lo = {x = (%)f\il
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Assume that no X, is a one—point space, and also exclude the case when N = 2
and X1 and X5 are both two—point spaces. Then A has stable rank 1, and

(51) a-the @ ¢,

zeLl “

where o = 1 — Zfll(l —u,({x.})). If Lo is empty, then Ay is simple and has
unique tracial state 7(ro) " 7|a, -

If Ly is nonempty, then there are distinct, surjective x—homomorphisms, m, :
Ao — C, (z € Ly), such that

de
2[()0 Zf ﬂ kerwz
z€Lg

is simple and nonunital and has unique tracial state T(ro) 1 7|ay, -

5. MORE GENERAL ABELIAN C*—~ALGEBRAS

In this section we will investigate free products,

N
(Q[, T) = L>:I<1(C(Xb)7 f ’ d/h),
of abelian C*—algebras and states, (C(X,), [ - du,), each of which can be written as
an inductive limit of the abelian algebras and states considered in Corollary 4.10.
The criterion for simplicity of the free product of such abelian algebras is the
same as for finite dimensional abelian algebras, namely, 2 is simple if and only if
N

there are no atoms z, € X, of p, (1 < ¢ < N) such that ;' (1 — p({z,})) < L.
(Compare Corollary 4.10.) However, in the case when there are atoms x, satisfying
Ziv(l —u({z,})) < 1, we don’t always get a corresponding copy of C as a direct
summand of . In fact we get such a direct summand, i.e. a minimal and central
projection in A, like r, in (51), corresponding to these atoms, if and only if each
x, is an isolated point of X,.

Definition 5.1. Let X be a compact Hausdorff topological space and let u be a
regular Borel probability measure on X. We say (X, p) is an inverse limit of spaces
and measures with isolated atoms if X is an inverse limit, X = lim(Xp,x,), of
compact Hausdorff spaces X,, and surjective, continuous maps K, : Xp+1 — Xn,
(n € N), such that, letting A, : X — X, be the resulting canonical surjective maps
and letting p, = (A,)«(u) be the push—forward measures, each p, has at most
finitely many atoms and each atom of pu,, is an isolated point of X,,, and, moreover,
if z € X,, and if s, }({z}) has more than one point, then x is an atom of y,,.

Examples 5.2. In each of the following cases, (X, 1) is an inverse limit of spaces
and measures with isolated atoms. (One can easily cook up more intricate examples
as well.)

(i) p has no atoms;
(ii) all the atoms of u are isolated points of X;
(iii) X is separable and totally disconnected;
(iv) X = {0} UU,Z [57> 35) with the relative topology from R, and p has a
unique atom at 0.



SIMPLICITY AND STABLE RANK OF FREE PRODUCT C*-ALGEBRAS 35

Theorem 5.3. Let N € N, N > 2, and for each 1 < ¢ < N let (X,,1,) be a
compact Hausdorff space and a regular Borel probability measure, each of which is
an inverse limit of spaces and measures with isolated atoms. Assume each X, has
more than one point and each p, has support equal to all of X,. Fzxclude the case
when N =2 and X, and Xs are both two—point spaces. Let

N

(A7) = X (C(X.), [ - dpu).

L=

Let

I+—{x: N 16HX
L:{x:(xb)f\f_lenX Zl—ub {z.}) }\I+.

Then A has stable rank 1, and
(52) A=A o P C,

xely
where a, =1 — vazl(l —w.({z.})) and where ry, = /\f;l Ds,, With py, € C(X,) the
characteristic function of {x,}. If L is empty, then 2y is simple and has unique
tracial state T(ro) 17|, -
If L is nonempty, then for every x € L there is a x—homomorphism 7, : 2y — C
such that whenever f € C(X,) we have my(f) = f(x,). Moreover,

Ql()o = ﬂ kerwz

€L

N

w({z.})) <1, each x, is isolated in XL} ,

is simple and nonunital, and has unique tracial state. Finally, for each nonempty

subset F' C L, the ideal ﬂweF ker m, of AUy is nonunital.

Proof. Let X, = liLH(XL,n, K.n) be an inverse limit with properties as in Defini-
tion 5.1, and let A, , : X, — X, ,, and g, n = (A,n)« (1) be the corresponding map
and measure. Thus, we may regard C(X, ) as a unital C*—subalgebra of C'(X,),
where the state [ -dpu, restricts to [ -du, n, and C(X) =, C(X,,). Ty e X, ,

n=1
is an atom of 4, ,, and if A} ({y}) contains no atoms of y,, then since A} ({y}) is
clopen in X, we may change (X, n, ft.,n) by substituting A;} ({y}) for y and chang-
ing p, . accordingly. Then we must modify every (X, 4k, ftr,n+k) too. By doing
so, we may assume without loss of generality that whenever n € N and y € X, ,, is
an atom of 4, ,,, then A} ({y}) contains an atom of .

Let ¢ = max{u,({z}) |z € X,, 1 <t < N}. Then ¢ < 1. If z, € X, appears as
one of the coordinates in an element of LUT,, then 1—p,({z,})+ (N —1)(1—¢) <1,
so p,({z,}) > (N —1)(1 — ¢). Therefore, L U I is finite. Moreover, if p, has
infinitely many atoms then their masses form a sequence tending to zero, so there
is € > 0 such that whenever z, € X, (1 < ¢ < N) and (z,)¥; ¢ LU I, then
Y= p({m}) > 1+e

Let x, € X, be an atom of u,. If z, is an isolated point of X,, then for n large
enough AL ({A, n(2,)}) = {x,} and hence the characteristic function of {z,}, which
we called p, , is in C(X, ). We assume without loss of generality that this holds for

every n and for every ¢. If z, is not an isolated point of X, then (A} ({\,n(2.)}))

n=1
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is a neighborhood base for x, and, since p, is a regular measure whose support is
all of X,, we have

Pen({Aen(®)}) > 1 ({ X ns1(2)}) > pe({2.})

and limy, oot n({A,n(2)}) = p,({2,}). Thus, for n large enough we have, for
every atom, z, € X, of pu,,

e ({ X (@)}) < p({z.}) +€/N.
We assume without loss of generality this holds for every n and for every ¢.
Then, whenever z, , € X, ,, is an atom of y, ,, and
N

(53) Z(l - Mb,n(xL7n)) S 17

=1
there is a unique (z,)¥.; € LU, such that z, ,, = An(z,) (1 <o < N). Moreover,
if (x,)N.; € I then the atoms ), ,(7,) and x, have the same mass, and if equality
holds in (53) then each z, is an isolated point of X,.
Let 2, be the C*—subalgebra of 2 generated by Ufil C(X,n). Then

N
an = L>:I<1(C(XL,n)a f : d,LLL,TL)7
and by Corollary 4.10 and the facts discussed above we have
Tn,0 Tn,x Ty
%, — (21@ D ac>@ @® ¢
zeLy 7 zely

where Iy, o, and r, are as in the statement of the proposition and where

N
> = m({z}) < 1} ;

Ly= {17 = ($L)ii1 el
=1

N

ngz =1— Z(l — ten({An(@)}),

=1

N
Tne = /\pm“na
=1

where p;, , € C(X,,) is the characteristic function of {A, ,(z,)}. Also, letting
Ly = L\Ly, for each z € Ly there is a *~homomorphism 7, 5 : A, 0 — C sending
Pz, ,n = Pz, to 1 (1 <:< N)

We have 2, C 2,41 and A =], A,. Let

, Tn,0 Tn,x
n,0 — an,O S @ 0‘C: .
xeLl e

Then 24, o € A7, ¢, and (52) holds with Ay = ;2 A}, 5. If L = 0 then each
Ql;l)o = 2,0 is simple with unique tracial state, and thus their inductive limit 2 is

simple with unique tracial state. Suppose L is nonempty. For each x = (z,)Y; € L
let 7, : A4, o — C be the x~homomorphism sending p,, n, + 1 (1 < ¢ < N). Then

def
an,OO = ﬂ kel‘ﬂ'mm
xEL
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is simple with unique tracial state. Clearly 7, 41 is an extension of 7, ,,, so taking
the inductive limit we get, for each x € L, a *~homomorphism 7, : 2l — C. When
restricted to C'(X,), 7, gives evaluation at x, € X,. Then 2 is the inductive limit
of the algebras 2, oo, and thus is simple with unique tracial state.

We now show that 2o is nonunital. First consider the case when L is nonempty.
Then for each z = (z,).; € L4, a, decreases to the limit vazl(l —w({z.}))
but is never equal to this quantity. Suppose for contradiction that e € 2yg is the
identity of 2pp. Let n € N and a € A, go. Then there is m > n such that o, , >
O, and thus r, z — 7z € Um0 is a nonzero projection. Since a € kermy, 4,
since Ty, 5 (7n,2) = 1 and since r,, ; is a minimal projection of A, oo, we must have
arp.o =0, and hence a(rn o — rm,z) =0. But e(rn 2 — Tm.z) = Tne — Tm.z, SO

1= ||7"nr _Tm,zH = ||(e — a)(rn,r _Tm,r)” <|le —all.

This contradicts the fact that e € [J,, %n,00-

If Ly = 0 then Ly is nonempty, so each 2, oo is nonunital. But this implies that
their inductive limit, 2gp, is nonunital.

The same technique shows that each ideal ﬂxe  kerm, of /g is nonunital. (|

Although the above proposition was stated only for free products of abelian C*—
algebras, a similar result is easily proved for free products of inductive limits of
the algebras of the form Ay & C @ --- @ C that were considered, for example, in
Theorem 4.9.

6. FREE PRODUCTS OF INFINITELY MANY ALGEBRAS

In this section we consider the reduced free product of infinitely many finite
dimensional abelian C*—algebras. Although such free products of infinitely many
algebras can fail to be simple, they never get a copy of C as a direct summand,
and hence their proper, nontrivial ideals, if any, are always nonunital. Moreover,
the center of the free product algebra is always trivial, even when its von Neumann
algebra closure (i.e. the strong—operator closure of the GNS representation) has
nontrivial projections that are both minimal and central.

Theorem 6.1. For each ¢ € N let (A,,7,) be a finite dimensional abelian algebra
with faithful state as in (48). Let

A, 7) = X (A, 7).

=1
Then A has stable rank 1. Let

L= {(jm)fil

If L is empty then A is simple and 7 is the unique tracial state on 2.
Otherwise, if L is nonempty, then for each j = (j(1))2, € L there is a *—
homomorphism mj : 2 — C such that 7;(p, j(,)) = 1 for every + € N. Then

Z(l - ab,j(L)) < 1} .

=1

d
Q[OQ :Ef m kerwj
JjEL
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is simple and nonunital. Moreover, letting

w=1-%" (i(l - au,j(w))) ,

JEL \t=1

70_17'|9100 is the unique tracial state on gg. Finally, for every nonempty subset
F C L, the ideal ﬂjeF ker 7; is nonunital.

Proof. The proof follows in a straightforward manner by using Theorem 4.8 and
taking inductive limits. To show that %[y and each of the other proper, nontrivial
ideals of 2 are nonunital, an argument like that in the proof Theorem 5.3 (in the
case Ly nonempty) is used. |

Of course, similar results for free products of infinitely many abelian algebras of
the form considered in §5 or infinitely many algebras of the form A C & ---® C
considered in Theorem 4.9 are easily obtained.

7. CONJECTURES

This section contains a couple of related open problems which seem likely to
have solutions, though I don’t yet see how to find them.

Conjecture 7.1. Let C(X) and C(Y) be unital, abelian C*—algebras having faith-
ful states given by probability measures px on X and py on'Y. Let

Then a necessary and sufficient condition for 2 to be simple is that for every x € X
andy €Y, px({}) + py ({y}) < 1.

Proposition 7.2. The conditions in Conjecture 7.1 are necesary for simplicity of

2A.

Proof. Suppose the conditions of 7.1 are not satisfied. Let C C X be the set of
atoms of ux. If C is finite then let D = C. If C' is infinite then let C denote the
closure of C'in X and let D be a totally disconnected, separable, compact Hausdorff
space equipped with a continuous surjective map A : D — C. (That such a space
exists is a well-known result.) For each ¢ € C, choose f(c) € A™'(D). Let vp be
the measure on D given by vp({f(¢)}) = ux({c}) and vp(D\ f(C)) = 0. Replace
D by the support of vp. Let vxs, be the measure on X that when restricted to
X\C gives the same measure as px and such that vx/(C) = 0, and let X’ be the
support of vx/. Let X, be the compact Hausdorff space that is the disjoint union
of X' and D, and let puyx, be the measure on X, obtained from vy, and vp. Let
kx : X, — X be the surjective, continous map composed of the inclusion X’ «— X
and A : D — X. Then px, is the push—forward measure, pux, = (kx)«(ux).
Therefore £ x induces an injective, unital *~homomorphism, 7x : C(X) — C(X,),
preserving the states defined by the measures px, and pux. Do the same for Y,
getting my : C(Y) — C(Ya).
Now Theorem 5.3 applies to the free product

@, 7") = (C(Xa), [ - dux,) * (C(Ya), [ - dpy,).
If the condition of Conjecture 7.1 is not satisfied, then there are x € X, and y € Y,

such that px, ({z}) + py, ({y}) > 1, which by 5.3 implies the existence of a *—
homomorphism 7 : 2 — C that when restricted to C(X,) is evaluation at z.
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Since 7’ is faithful and kx and ky are trace—preserving inclusions, they induce an
inclusion 2 < 2. Then 7|y is a nonzero *—homomorphism, so 2l is not simple. O

We now look at free products of finite dimensional algebras, and we use the
notation of [6] for a faithful state on a finite dimensional algebra. Thus, if D =
@;il M, (C), we write

K
j:l Qg 1ye-n ,aj,nj

to mean that the restriction of ¢ to the jth summand of D is given by Tr(-H),
where Tr is the unnormalized trace on M, (C) and where H is the diagonal matrix
with aj1,...,a;,, down the diagonal.

Conjecture 7.3. Let

(A1, ¢1) EB M, ()
j=1%.1, O‘J g
(A2, ¢2) @ M,,,(C

j= 1 8,1, B]m

be finite dimensional C*—algebras with faithful states and let
(54) (Q’la ¢) = (Ala ¢1) * (A27 ¢2)

be the reduced free product C*-algebra. Then necessary and sufficient conditions
for A to be simple are that if nj =1 for some j then for every 1 <k < K»

1 LS|
- < ,
1—aj1 ;@m

and if m; =1 for some j then for every 1 <k < K,

1 o 1
< .
1- ﬁj 1 ZZ €778
If the above conjecture is true, then in particular 2 is simple whenever each
n; > 1 and each m; > 1. This conjecture is inspired by the results of [5] and [6],
which show that necessary and sufficient conditions for the von Neumann algebra

free product analogous to (54) to be a factor are that if n; = 1 for some j then for
every 1 <k < Ky

mg

1 1

55 —
(55) l—a;1 — P Br,i

and if m; = 1 for some j then for every 1 <k < K;

(56) L i L
1= B0~ = an;

Moreover, using this von Neumann algebra result and an argument similar to the
one used in Proposition 7.2, we see that (55) and (56) are necessary conditions for
the simplicity of 2.

For some results about certain reduced free product C*—algebras with respect to
non—faithful states, see [10].
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